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Deep Mathematical Properties of Submodularity
with Applications to Machine Learning
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Submodularity
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Submodularity
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Submodularity

.
@ Definition en a finite ground set V, a function f — R is
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Submodularity
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Sets and set functions

We are given a finite “"ground” set of objects
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Set functions are pseudo-Boolean functions
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Set functions are pseudo-Boolean functions
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Set functions are pseudo-Boolean functions
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Set functions are pseudo-Boolean functions
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Two equivalent basic definitions

Definition (submodular)
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Two equivalent basic definitions

Definition (submaodular)
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Two equivalent basic definitions

Definition (submaodular)
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Afunction f - 2Y — = is submodular if for anvy A.B Z V. we have that:
i 1 2\ 3 1 D | rn 1
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A function f : 2¥ — = is submodular if for any ACEEE" V. and
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f(A — f(A) > 1B — f( B (5]
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Two equivalent basic definitions

Definition (submadular)
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Example: Rank function of a matrix

i
»
A

L SeL ) . D€ the Set O column vector Indice

ubset OT column vector Indices A —
- LY
et r(A) be the rank of the column vectors indexed bv A

ee-F.t 2 —_and r(A) i1s the dimensionality of the vector

Space spanned Dy the Set Of vectors 1 .Xs 1
@ Intuitivel r{A) is the size of the larcest set of independent vectors
e A V - - - - — | e — - , =iy, we——— o e e - R ey W - el = e -
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Example: Rank function of a matrix

)
A
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space spanned bv the set of vectors | x- :
4
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Example: Rank function of a matrix
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Example: Rank function of a matrix
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Example: Rank function of a matrix
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Example: Rank function of a matrix

Consider the following 4 » 8 matrix, so V ={1.2.3.4.5.6.7.8
L iy T LS i P h
[ B 1 - ) J
o ) ! U 4 |
3o 00 0 3 NS | ‘ * _
0 G

N

@ Then r(A) = & i= W =
e (AUC)=3 HBUC)=3
. o - B
@ r( A \ — > B2.1=3 r(A > —— . e i — 4
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Example: Rank function of a matrix
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Example: Rank function of a matrix
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Example: Rank function of a matrix
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Example: Rank function of a matrix

" . 1 - " % — —_ -
Consider the following 4 ~ 8 matrix, so V = {1.2.3.4.5.0./.8
1 9 3 ! - i 7 -
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|. Bilmes page i4 / 124




Folymatrowds
AN R R RN A R AN AR A RN AR aEE

Example: Rank function of a matrix

1 [ B ] )
Al T B
M R BE : ) '
4 \ SN [ 5
o Let A={1.2.3}, B = {3,485}, C={6.7}. A, = {1}, B, = {5
@ Then r(A) = 3 B) = =¥,
o ERANEEENEEN (8 C) =3
3 AEP A b= BJUB)=3 rtAuUuB,)=4 B_A)Y=4
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Example: Rank function of a matrix

Consider the following 4 ~ 8 matrix, so V =1{1.2.3.4.5.6.7
1 : } 4 ° ) 7 : = Y = =
1 /0 2 S . |
21 0 3 [EEEEEE R 4 |
3]0 0 EEEEEEEEEE RN 5 i :
- 54 v SRR SN >
@ Let A={1.2 = s EN U =10T A =11}, O =38
@ Then r(A) = = Cli=
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Example: Rank function of a matrix

Consider the following 4 Matnx, saV —=11::2. 3.4 5.0:7

18 22 4 v : , e
L/ 3 0 1 3 1 = -
2 | SIS 4 2 4

— . s

3 | U ‘ 5 ) * |
4 \ SIS C 5

et A=l 2. 3} O == § 318 -5} L= 10;T1}; &= {1}, &; = {2

@ Then r(A) = By — SRE=F.

@ r(A LY =3 L —

o NN (B _B,)=3,r(AUB,)=4 r(B_A,)=4
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Example: Rank function of a matrix

Consider the following 4 « 8 matrix, so V= {1.2.3.4.5.6
D S
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Example: Rank function of a matrix

Consider the following 4 ~ 8 matrix, so V = {1.2
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Example: Rank function of a matrix

1
J" T a — =,

1/ : B . 3 1 -

2 | 1 3 . 2 4|

3B O KX 5 i i

4 \@& 0 I 5

el A=l 2.3} O = 1318 5} C=10;T) A:—{1% & =— {4
@ [ hen q) = 2 = LE) =2

¥ HALC) =3 pULC)=3
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Example: Rank function of a matrix

Consider the following 4 « 8 matrix, so V = {1.2.3.4.5.6.7. 8

190 3 BB ST ﬁ | o
] (G | 3 ]
2|10 3 0 4 O e &l
3| 1 P J - ) |
4\ 2206000 5

® Let A={1.2 B—=R5:05] E=40 A= tEF B =5
@ Then r(A) = Bl =3, L] =2
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Example: Rank function of a matrix

= 1 - — —
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Example: Rank function of a matrix

Consider the following 4 « 8 matrix, so V = {1.2.3.4.5.6 -
1 ™ ., = ” "
1 it > . . : =
B A1 e B e ]
~ o - " L1
0 il [ 4
3[0 N E :
=4
,l - -
4\ G 5
e . - - ~ - i = -
® Lel A= 1.2 3 — 13,:%,3 . — 40, | MY == 31k By — 31
a Tlr".'_‘." i g : —_ 2 Fl l".-l S
1 — - — .- =
o— — e P o 5
@ | 1 _ — 2 O - — J
1 1 ™ ™ == —
@ | A - = D1 —3 nMAUD — 4 - -t — &4

[™]
vy
1

|

i
I,j
I
‘|_I.
A
-1
——
0
o —
Il
N
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Example: Rank function of a matrix

Consider the following 4 Ak sV =112 345 6
| 2 o7 1
310 5 ) )
1 5
ElLet =112 3 =104 05t O = 1070 i Ri—{lE =15
F-Then it Ay=—3" P13 = F '] =—D
3 r(AU C}=3, r(BJC)ZS-
@ | —.1 4 — ) ri B 3. —iC T —} > — 4 r : ) d 1 =4

o HIFUEEUE = GRS < (C) =2
o 6 = [FAISFIEIFIRNE SN — 5
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Example: Rank function of a matrix

- q | e - + - - C =y

Lonsigae ne OWINE & na SO | | b ~
. . ~
. —_ - =]
1 / )
- (N

3 J 2l
1 ~ -
..é Fi .-:

2 | et A — R — ~ { — Fi — 1 B = 15

e o . - W Pl 3 | . i -
1 N - — - %
a —[—r_._,__,r"' s A) = - : g — :.l r :\__] —

a fADCY=3 r(BUC)=3.

o r(AUA,) = 3 sbBamSNE SRR (B _ A,) = 4
o FEEEE T IR < () = 2

2 6= r{A)—r(B) > {ALB)+ (AT B) =5
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From Matrix Rank — Matroid
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From Matrix Rank — Matroid
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From Matrix Rank — Matroid
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From Matrix Rank — Matroid

@ Let 7 be a set of all subsets of V such that for an 7. the
ectors indexed by / are linearly independent

@ Given a set B = I of linearly independent vectors. then any subset
A Z B is also linearly independent. Hence. I is down-closed
subclusive 1der subsets

|. Bilmes Submodu larity page 15 / 124
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From Matrix Rank — Matroid

@ So V is set of column vector indices of a3 matr
@ Let 1 pbe a2 set of all subsets or V such that ror an = 1. the
- ] v . i
vectors indexed by / are linearly independent
- - s . ; .
@ Given a set 5 = L of linearly independent vectors. then any subset
A B s aleg nearh ndaependant Hence I 1s down-cloced or
= - = .j':‘-- t-& " I‘..l'»...-lj'h...-T - N . Pl e, il = TR LA NN | - ---_~...-C] \j
subclusive 1der subsets the S
B and E 1 = A / {
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Folymatrowds
LR R NI RN RN AR RN NaRN RN

From Matrix Rank — Matroid

[ COIL ector Indices of 3 matr
e o e e ] e R = s = L e g L o
@ Let /. De 3 set of all subsets or V such that 1or ai - 1. the
ectors indexed by / are linearly independent

L of linearly independent vectors. then any

A C B is also linearly independent. Hence. I is down-closed or
subclusive 1der subsets. In other words
L ! — " — - a —_ — 3 ‘ - —_— —_—
'Jl = 1:} .i ﬂ LI f o — ~ - [ | }
@ In ; = 1dependent subsets sases) of B

Submodu larity
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From Matrix Rank — Matroid

@ Let / pe 3 set of 3ll subsets or V such that 1or an - 2= INne
i - i - - s J e N & ‘ 7 |I-o—~ Fa — -
ecLors Inagexea [ are lineariy ingepenaent
@ LIVen 4 sel b — L OF liIneariy IT'?CIE?DE!'IC]"E?"T ectors. thnen any supsel
o > = | =™~ - - - ) fa - - ! =~ - T oy - o~ el Tl = -
A B Is also linear dependent. Hence. / i1s down-closed or
supcliusive 1d2r SUDSets In other words
P - I'sl 1 F il o
1 _ D ana L = A< L | /)
@ INCiUsionwise maxima ﬁ-JEiJET‘GE"IT SUpsets (Or Dases | o D
maxind(B) ={AZB:A=Zandvwv=B A A_J{v; £1 (8)
@ Given an — 3 > I vect 1l m nal (Dy set Sion
ot G r a9 rlane ant arto 1ire th ;. rd - 11 il L~
1. A naxind( &
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From Matrix Rank — Matroid
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Independence System

Definition (set system)

-— —
-

F\ Him_:
(11)

NP, T
subclusiv
il B N l—lll -

Submodularity
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Independence System

Definition (set system)

—— ri \ -

\ (finite) ground set and a3 set of subsets of | —ma 2" Is called a
set system, notatec f;

) =7 (emptyset containing] (11)

and




LN

(11)

tro S asacs Folymatrouds
Independence System
Definition (set system)
A (T ) ground set V and a set of subsets of | = 1 — 27 1s called a

A set system (V.Z) is an independence system
= 7 (emptyset containing
and
Sl g P M 1K subclusive) (12)

I. Bilmes
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Independence System

b
un
(D
1
un
Ui
|
m
= |
-
|
Ln
i
|
3
|
D
L+
m
= |
a
D
= |
)
Y
i
L
r
M

= 1 (emptyset containing (11)

and

Sl elf.JCIl=JEX subclusive (12)
o —r - - 1 —_p
N E —1& 5 S AT 1 ) ¥ 28 ) 1s a set
system. but not an Independence svystem
= ) _—
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Matroids, many equivalent definitions

Definition (Matroid)

—

A set system (V.Z) is a Matroid if

1) V) = 1L {emptyset containing)

Y I = ! | = / m— I ; T

< I F = Bl down-closed or subclusive

s x = [/ J such that

| -

e W r = 2k s
Ax Setl System \ Bk S a WVIatr( ia it
| — L (emptyset contalining)
e F | — =83 O\ ~losed o bclusive
— - = - — = :11._,! jn l___,i__-l_”__‘:I -.rlr - ] o l. - -

i : i / =8 o f / = i = | Y
Iy » A). We nave ([ = |1 d f'l‘idf..rm,-;u|‘,

independent subsets of X have the same size)

I. Bilmes
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Matroids, many equivalent definitions

Definition (Matroid)

I

t~y
U |
-
——
—
—
~+
i
(D
poms |
rt
-
]
D
gy
LN
~t
L
|

LN
£

M
-
—+
-
W
—F

. = 7 (emptyset containing)
Pl vl € 1 g pi—- = I (down-closed or subclusive

') ¥X 2V, and 1. L = maxInd(X), we have |/; = L (all maximally
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Matroids, many equivalent definitions

Definition (Matroid)

1 = 1 (emptvset containing)
2) Vi e l,.J - = J= 1 (daown-closed or subclusive

1. J = I, withi === thentthere exists x = /

LN
—t

AW

¢ = - — - - T — - 1—--- 1
.*3‘. Sel systen \ = s a Matroid It

D

) vX 2 V,and 1. h = maxInd(X), we have /1 = h (all maximally

r -

anl:

ts of X have the s

(1F]
m
LN
h

Submodu larity
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Matroids, many equivalent definitions

Definition (Matroid)

T L]
A set system (V.Z) 1s a Matroid if
= T (emptvset containing)

—

.J Z | = J =1 (down-closed or subclusive)

X Z V, and If8hs r"f“aylr'ld( ), we have |l; = |k {(all maximally

S X have the same

| ¥ ]

§ —
i
-

(1]

Submodu larity
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Linear (or Matric) Matroid

@ Let . consists of subsets of such th
A=13a1.a; 3, + then the vectors

@ | he rank function is just the rank of the space spanned by the
corresponding set of vectors

J - - - S T T, -~
4 3'. b:‘:': 4 Matroig 1s ma

Submodu larity

L [ } 1
ximallv independent set

independent
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Cycle Matroid of a graph, or Graphic Matroids

9
. |
(A
L=
-
m
(V¥
-
b
]
-
D
{

)
-
b
4
D
t
o
=3
0
I
|
=
+
i |
D
|
£l
(§ 18]
i
|
J
2
M
m
£
Js
<
(W8]
L®
= 7

Ll x i S . _
B inenvi=I1t.1 S 4 matroid
@ L Ccontains ail rorests and trees
s e g g g gy i B e T T e e R T R A o g \
@ Dases are spanning rorests (spanning trees it & 1S connecteq)
- \ ok e Tl el b d = - - | = - - - - o~
@ RankK tunction ri A S thne s5iZe Oor ':h: largest spa NE TOrest

contained in G{V. A

|. Bilmes Submodu larity
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Cycle Matroid of a graph, or Graphic Matroids

@ Llet G =(V.E) be a graph. Consider ( E.7Z) where the edges of the
graph £ are the ground set and A = £ if the edge-induced graph
e ;| 1 T s e i T e = N ULt | T
G(V.A) by A does not contain any cvcle
(v T— = .
@ Then M = (E.Z) is a matroid.
- s i -
- 1 -
@ Z contains all forests and trees.
g e e = e N s e i s L iy o - s \
@ Dases are spa g Taresis (sparnning trees Z 1S __"r-:-_g—d
~
@ Rank function r(A) is the size of the largest spanning forest
contained in G{V. A

|. Bilmes Submaodu larity
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Cycle Matroid of a graph, or Graphic Matroids

@ Llet G =(V.t) be a graph. Consider (E. L nere the edges of the
Tr —-.q.-.. : la-Bhdal= - - r-.,_; — - .j —‘lH = T - +--}-|,- o~ - ~ - = }
grapn C are ine g INd SEeL 4anc L LNe edEge ICed grapn
i 1 1 e, e o — — —-'l- — -— - -

G(V.A) by A does not contain any cvcle

@ Then M = LE.Z) is a matroid.
@ 7 contains all forests and trees.

ases are spanning forests (spanning trees it G is connected).

w
A0

"

- - o — \ = -

¥ " " "

in { ¥
e b - I = =

: :
EranRnTailnc m _ 1 Fa
contained In Gt \ 4

iI. Bilmes Submodularity
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Example: graphic matroid

®)]

Submodu larity
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Example: graphic matroid
: =1 those

(T
o
g
i1
il
m
=
i

n

Submodu larity
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Example: graphic matroid

A oranh detinegs 3 matro 5 T <gfc 10enendent cefs re t e
3 grapn de - m OId ON eqage Sets. Inaependent Sets adre those

I. Bilmes
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Partition Matroid

Submodularity



Basacs FPolymatrouds

Partition Matroid

RA AR SRR EN SRR ARANAAGRAERUIANEES




FPolymatrods

RA RN SRR RN AENRNGGRAERUENRER

Partition Matroid
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Partition Matroid

. Bilmes Submodu larity page 22 /124
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Polymatrods
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Partition Matroid
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Partition Matroid

g £ \ 1 —— - - W O - il TS e

@ Let L —F) ] V2 Vy D€ a Pc rtitio i ) O AdIS|OoINt sews
— — —~ l._-""." e - - o — \ —
ais|oimn InNion LETINEe 3 Sel OT sUDsets Or vV 3as

T = - ! £ - 1 1y
Ti= X il XMy k; tor a = ] 12
- —_ . -
VINere K K; are €d pdarameters, x | NEN = ) L)IS a

= min(|Ar V.| k

|. Bilmes Submodularity
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Matroids - rank and submodularity

|. Bilmes Submodularity
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Matroids - rank and submodularity

(A) <gmexEX | X C A X T} zamax Ari X (14)

I. Bilmes
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Matroids - rank and submodularity

A J — - r—.-F ¥ — el ds =kl -la-i--| —~ b ~ ¥ - gy - - ROF -
We can a bit more formallvy detine the rank function this wa\
Definition

The rank of a matroid is a function r : 2¥ — 7. defined b

Lo
|
)
(17
A€
¢
|
L
;‘{
I
=~
1
—
—
Y AJ
1=
%
1

|. Bilmes Submaodu larity
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Matroids - rank and submodularity

We can a bit more formallv detine the rank function this wa\
Definition
The rank of a matroid is a function r : 2¥ — Z_ defined b

B 1
@ From the above. we immediately see that r(A) !
% L A B ' i A = Eor i ol e et e T T
@ Moreover rid4) = Al then A = 7. meaning A Is independent
Lemma
The rank function r — 7. of a matroid 1s submodular. that is

r(A)+r(B) > r(A_B)=r(AN B)

i. Bilmes Submodu larity
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Matroids via rank

-~ ol e it et il - b T [ = TP e s e
Let V & SEL dNg el . be a T'”'f‘i.f.'i_,': | Ner gerines a

=

matroid with r being its rank tunction if and only if for all A. B

i YAC Vil r{A) A (non-negative cardinality bounded)

L 1 - - F . 1 D = —
& rfA_ B)—r(A Lx)ise 3 A) ro) 3ll A. 6 — V (submodular)
@ Unit increment (If r(A) = k, then either r( A , =X of
r( A y+) = k — 1) follows from the above.
@ So submodularity and -negative monotone non-decreasing. and
unit INCrease are necessary and sutficient to derine the matroid

|. Bilmes Submodu larity
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Matroids - rank and submodularity

=

. tha shmva s s it bat p N T
@ From the apbo\ NEe ImMmmediately (Nat

1

r e s -1 A i ' B 1
@ Moreover FlA) = A, Inen At

Lemma

—

- A 7 [ —— e & *- . - - ,.,.-1i - — oy 4 i il -~ - - =
fNé rank runccion r — Ja OF g matroiq 1s supDimi i tinart |

r(A)+r(B) > r(A_B)=r(ANn B)

Ln




Folymatrowds
AR RN NN A RN IANRNEENIRIREL

Matroids via rank

- -

rank of a matroid for its definition

- R S - p R 73 -~ ¥ 1 | arm i P Y g
Let V be a set and let 2Y — 2. be a function. | her | gerines a
= s Pl il e e o T AP 7 S I o W R s \
matroiaga witn r peing its rank runction ir and oni [Or a ey

— - J A — F - i [ 3 ’ — o : = e g it~ L 7 o i gaa
kRil YAC Vi) r{A) A (non-negative cardinality bounded)

I
vy
|
I
vy
b
-
T
+
o
-
ilql..l
k.
Y
un
o
3
T ]
Q
—
o
-

('™
=
4
-t
—
- |
'
m
4
]
1
' |
1
L
-
1
+
-7
M
o
uIl
-
J
(T
-
b
3
LI

r( A = x4 ] lows from the above

-J‘ :‘..- L""‘“".-" e - - ﬂ‘:.-]-—\ﬁ- Pt q.-;—ul-1--——-. - alfmla Marraeacino —- -
LW aUuwllivdidia L =1R1® 3 -._.,..d..r.,_ I OLOMNE on-gecreasing, andad
UNnit INCrease are necessary and sutficient to define the matrold

Submodu larity
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= o et - i 3\ T P F TS EER e S TR e = S1 S e
Let V be a set and /et i — /.. be 3 function 1€/ gerines a
, ; g 5L AR
= i el o Joue S T e i A O B i nad i el \ \
matroga wiitn Deing Iits rank runction ana oni or a M. D )
I v - . | = = | |'I-|:J-'.Iﬂ}. ]-?'::::—3:] Ve -...;E"'\.? e -: -:'-.:n.: ?-4:-;
| — 1 = £ — = - . =
L wt = L o e s o DT ONE JELICabifng
C . - 1 - AEY v all A . . L
H ALV E =t A B)s2 Al Fl)rorail A.o « supmoduiar)
@ Unit increment (if r(A) = k. then either r(A =K of
, = L =i | [ B " B
_l r—— & = - _Il_f ll: i I—l |-"l‘| _rr_ :1 il it .:
@ DO submodularit and non-negative monotone non-aecreasing. and
LINIT INCrease are Necessary and surricient to derine the mauroia

I. Biimes
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In fact, we can use the rank of a matroid for its definition

[et V be a set and let r : 2¥ — Z_ be a function. Then r(-) defines a
i atroi el e =-1laledl - =1s1" e £ =~ E e A A D2\
matroia witn DEINg its rank runction arna oniy UF e Y ¥
r ¥y = { 27 EZ 3 - a - -
= . e £ ] - :
. ~ e o i e b s QT ONE JeELicadbifg
r | - | ™~ - - f 1 — &
R3) r(A_2 B)=rlA D r(A) + r(B) forall A.B8 — \ supmoduia
@ Unit increment (if r(A) = k, then either r( A Vi) = k or
r(A = k — 1) follows from the above.
@ >0 submodularity and non-negative monotone non-decreasing. and
- - . — - - P e e e e g - A BT el Tl = kol of = af=%a r'ﬂ"" o W Y =T F ™1
I NCrease aré€ nNecessary dnag surricient 1o aerine tne airoid.
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Matroids via rank

—IN I8 3 SET AN 18T r A — 7 LS -] -.1 aTatdTals -4'__.1,-._".‘ . o R - oy
Let V be a set and let Z Z,. be a function 1Ef gerines a
e . L — —
™ 1 ¥ 3 L1 = ‘.'L.

rank function if and only if for all A. B C

| - - & %+ Bl o Mg =
@ UNIT increment 1) = K, then eitner r{ A — K Or
r( A = k — 1) follows from the above.
=] S alsalals aka 3Na non-necgcative monotone Tele N al-Taa=1<1sT": —\nU
s IR WVidUila L - - -y = o LIVIC Wt LA - -t bl Sl &
UNIT INCrease are necessary anda Ssurricient 1o aerine the matroid.

Submodularity

|. Biimes
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Matroids via rank

~ 7 -
Let V be a set and let r: 2¥ — Z_ be a function. Ihen r(-) defines a
- S~ el = T - - - p q_--. - - = i | D \.
matroia withn oeing its rank runction ana on [OF &1 M0 ¥

R2) r(A) r(B) whenever A Z B C V (monotone non-decreasing)

L

"y
Ly
- |
e |
T ]
Q
L]
e
:"II.
~

R3) (AL B)=r(ANB)<r(A)+r(B) forall A. ¢

@ Unit increment (if r(A) = k, then either r(A Vi) =K or
r(A v+) = k — 1) tollows from the above.

@ So submodularity and non-negative monotone non-decreasing, and
Init increase are necessary and sufficient to define the matroid.

i. Bilmes
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- P S— o I N i s 'y e Y - e E1 Aoy 7 =
Let V be a set and let 1 Z = . be a function F 11en r gerines a

0y

peing its rank function if and aniv Iir ior 4 1 —

r A Z B € V (monctone non-decreasing )

| ™\ . Ag— - 1 ,"_‘ = 1 .
rie) i all A. D \ submodular)

@ Unit increment (if r(A) = k. then either r( A — k or
r( A = k — 1) follows from the above

@ So submodularity and non-negative monotone non-decreasing. and
unit Increase are necessary and sufficient to define the matroid

Submodu larity
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Matroids via rank

= —-—

In fact, we can use the rank of a matroid for its definition

| - ~ —— i "
. -. - . = g = = - - k P i ot ATl o | aF=Ta > g oe
Let V be a set and let Z — /.. be a function | NEel gerines a

iNg itS rank runction ir ana oni or a2ii A.D - ¥

b |
e |
U]
-y
=
O
-
w,
~
—
—l
i
O
m
(e

i N 1/ 1 " A A B S e Fh P - - I 1= b i B P .
i ELOE J rfA) A (non-negative cardinality bounced)

R2) r(A) < r(B) whenever A Z B C V (monotone non-decreasing)

.;: [ l If'r::l ] _-t- ¥ _1 o | l::-! "‘-"'r" 111 1 _-.:I B \ c slaals 1113 |
i A rLI ) A I Al riBlIrorair Alp s b submoauiar)
| | il s fa . = 1 -
@ UNIT InNCrement 1 — N Then either | A4 ¥ r
r(A = k — 1) follows from the above
@ DO submoc allty and non-negative monotone non-gecreasing. and
INIT INCrease are necessary and surricient 1o dertine the matroid




Matroids via rank

vA C
riA) <

- ~ " —
:_- i .'-|: -’—1 Il | - — —
> - | ' [

J | ~rorcnT £

U 1N =NT

(A — ke —
J. - .'.:lib""!'"'."' AT pu |
—t ot il ' i — - -
J'- T NrrEaAcsE IAreE Ne
L i LI N N - - —

|. Biimes

r(A) <

r(B) whenever AZ B C

Folymatrouds
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A| (non-negative cardinality bounded)

V' (monotone non-decreasing)

/ - = 3 . D - |
< r(A) r\e) rorall A.b — V (submodular)
\) = k, then either r( A — K or
follows from the above

1d non-negative monotone non-dacreasing. and
cessary and sufficient to define the matroid
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In fact, we can use the rank of a matroid for

Theorem (Matroid from rank)

- ey mmd e ey e T PR 74 PR TN e dT e T lham Y R
Let V be a set and let Z — /.. be a function 1E1 gerines a
- -~ Vit = BN - o e - g ’ v--n  S—— - | - | ' ...-_l_ - i | - = \
matroia witn Deing its rank runction Ir anda oniy OF i A = )

R1) YAZ V 0 < r(A) < Al (non-negative cardinality bounded)
R2) r(A) < r(B) whenever A Z B C V (monotone non-decreasing)
R3) r(AUB) = rlABY < r(A) + r(B) for all A.B Z V (submodular)

r( A = k — 1) follows from the above
@ So submodularity and non-negative monotone non-decreasing. and
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R AR AR AN AN RACENGRES

- g T —— - p R w7 -~ . e B e ad = p R
Let V be a set and let Z — /.. be a3 functior 1€/ ) gerines a

= . dofn 2 Fnmrpw e i p . e O E = L T i mats 5 % - - \
matroa wiitn DEeINZ its ranNnk runction ir ana oni or a . D ¥

R1) VAZC V 0 < rlA) < Al (non-negative cardinality bounded)
R2) r(A) < r(B) whenever A Z B C V (monotone non-decreasing)
R3) r(AUB) = rlA5BY< r(A) + r(B) for all A.B Z V (submodular)

@ Unit increment (IT r{A) = k, then either r| A . = K Or
r(A = k — 1) tollows from the above

nit incre

Ll - e |

cessary and sufficient to define the matroid




Folymatrouds

RARRERR AR AN SR AN RACRNNGERER

In fact, we can use the rank of a matroid for

Theorem (Matroid from rank)

- ‘L - N - - o = g = ar F h J =y~ e | | .|
L ! pDe 2 set 2Ndad wp ol — a4 D

- i Tale ¥ =T, ¥ = a7,
g 1T HIC LIV == Jcii

H
L |

L

matroid with r being its rank function if and only or all A. B
R1) YACZ V 0 < r(A) < Al (non-negative cardinality bounded)

R2) r(A) < r(B) whenever A Z B C V (monotone non-decreasing)

R3) r(AUB)+=rlABY< r(A) + r(B) forall A.B Z V (submodular)

@ Unit increment (if r(A) = k. then either r( A . = o
(A ) = k — 1) tollows from the above.

@ So submodularity and non-negative monotone non-decreasing, and

unit INCrease are necessary and sufficient to define
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Modular functions, vectors

=0 modauiar and normaiized neaning

| Bilmes Submodularity
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Modular functions, vectors

111ed Modaduilar and normailiZedsiinean _ 17 —

|. Bilmes Submodu larity
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Modular functions, vectors

@ Any set function m: 2 7 WNOSE vatudtions., 10r all A — VvV, LaKe
'I"b'ql +~—Ir—"|ﬂ

(18
i 7
et
vz A
.—! . | -.H - -_— - q ---I : P - —~
S Called modular and normalized |meaning m
@ Any normalized modular function ;

I. Bilmes

Submodularity
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Modular functions, vectors

Fiq.- ¥

(41
I

IS Called modular and normailized {meaning m =
@ Anv normalized modular function i1s i1dentical to a vector m = K
o | C [ T = sybmodular since

= = : = i - r\.-\: | -

I. Bilmes
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Modular functions, vectors

@ Anv set function m : 2 + I whose vatuations. for all A = V, take
= b= o~ f—_r:rl'ﬁ—-
E E, 16
MA)] = il al )
o —
1Is called modular and normalized (meaning m —
@ Any normalized modular function is identical to a3 vector m < K"
M A R R i R e | - 2
@ Vioduia UNCTIONSsS are supmodular since
\) +m(B) > m(AUB)+m(ANBb
- pTaiRiE] AR CLicns =_AlSO_supernoduliar NCE
AN (IR A BY L [ A B

|. Bilmes Submodularity
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Modular functions, vectors

d)
R ——
IS Called modular and normatized {meaning m

@ Any normalized modular function is identical to

(= -l

B & ox = - — e - - -
@ Modular functions are submodular since

m(A) +m(B) > m(A_JUB)+ m(AN B
@ Modular tfunctions are also supermodular
m(A) + m(B nA_B)+mlANnB

Submodularity

I. Bilmes

P pr—
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= = =

(VR



F'.:hrmmoqu
RARRRN AR A RA RN RR RN ANasENR ANy

Matroid and the greedy algorithm

|. Bilmes Submodu: larity
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Matroid and the greedy algorithm

@ Let (V.I) be an independence system. and we are given a
non-negative modular weight function w : V — = _

Algorithm 1: The Matroid Greedy Algot

2 while - ('St ) -7 do
3 = argn | 3
4 o

Submodularity

i. Bilmes
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Matroid and the greedy algorithm

| - - - - - - - o - - - - o~
@ LEet \L L JE 4 depenaence system, and we are given a
non-negative mogduiar weignt tunction w vV — &~ .

Algorithm 1: The Matroid Greedy Algori

%
- *

2 while - L sT A -~ 71 do

| \
4 —e . . .
3 W — Alicing> . Bl AEEA = Ji

|. Bilmes Submodularity
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Matroid and the greedy algorithm

@ Let (V.1) be an independence system. and we are given a
‘ -
non-negative moguiar elignt Tunction w e B

&
09

orithm 1: The Matroid Greedy Algorithm

rd
g
-
®
|
|
'.-

'
-
|

|
-
o

® Same as sort temes screasin ei1oht the y

|. Bilmes Submodularity
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Matroid and the greedy algorithm

rJ
S
-
™
|
|
-
—t
e
|
|
Q.
o

b
|
(
Uy
(48]
|
-
>~
>
|
™~

e

[et (V.Z1) be an independence system. Then the pair (V. | iS @ mMatroid

—

.'IJt'

- = 4 2Tal r- i--.,- - | 5 .-.-rl-‘- f- e i r D ¥ ‘_1 f""“'r" ~rrm 71 'I-—\ [~ -~ -
[T anga oniv Ir ror eacn we! t function w = 'K : [ Ll 1eads i
m
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Matroid and the greedy algorithm

@ Let (V. I) be an independence system. and we are given a
non-negative modular weight function w : V — -~ _
Algorithm 1: The Matroid Greedy Algorithm

1 Set X —

2 while Jv = | A0 1y S =T Aan

. < argma E VX, X cZ

4 X X

@ S orting items by decreasing weight and then choosing

b~y
l‘}-l.
o F]
o
- |
ol
"‘-+
~
)
Q.

Let:(V..Z) be an independence svstem. Then the pair{ V

o+ o 3 l-w"- — A 0 1--v--~----|rv-1 i -"‘; M
10 Tunction w — /< T NIEOrILT L 1egds 1o 4

—_

I. Bilmes
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Matroid Definitions Summary

& e — l - ~ e st R Sp—— are HAestimo ~ o~y - - b=
GIven an inaependence sysiem, matroids are dernned =g aient DV an
b = | P et
@ All maximally independent sets have the same sizs
@ A monotone non-decreasing submodular integral rank function with
A MOonNotone non-gecreasing suidmaodadular INtegrail rane ction w
Unit Increments.
P TV'E gready algorithm achieves the maximum eiIgnt incependent set
Tor all weilgnt Tunctions
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Matroid Definitions Summary

N

Given an independence system. matroids are defined ec alently by any
. | T F

of the tollowing

ry L -—.‘.-\I:t-!l:r!--l \..1".|t|-‘1

INIT INCrements
- - - S - - — - = | = o S — - - = o
= Tr‘— greagay aleoritni acnieves the maximun eignt cependaent set
Tor a elignt tunclions
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Matroid Definitions Summary

—

Liven an independencs sysiem. matroids are derined =c¢ 3lent vV an
. P II A IS
of the tolliowing

2 All maximally independent sets have the same size.
3 A monotone non-decreasing submodular integral rank function with

unit INCrements.

@ The gread, algorithm achieves the maximum weight cepenaent set
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Matroid Definitions Summary

. .
| sl AN Iin nendence svstem matroid re defined aa FlanT 8 /
aiven a na gence sysien 1a1roids are de ad equivaient DV any
— 4-,-1 - |!.-—-. -
I Ll | 1Y 4

- —

2 All maximally independent sets have the same size.
@ A monotone non-decreasing submodular integral rank function with
unit iNnCréments.

9 The greedy algorithm achieves the maximum weight independent set
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Maximal points in a set
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Maximal points in a set

— -
- i i - = L= = P - = - 4=
@ Live : SE - e 5 LNat B S Maximal tnin
£ e e e e : aal

i. Bilmes
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o ot

@ NREeZarding seis
EJ £ .I'E'rh' 13'~.=3‘§r-
::l‘s_jif"lll"-_.: A

' - = b —
@ Liven any set
it it i18. the case
1 - = - b Wt
-

-
na

IS 4 Maxima

L=

possesses property F

any X' O X with X B
- ne savy that a vector
for anv « 0. and for 3

e

SUDBSET O O possessing
AdNd NO Sel properiy
\ \ = R :
' A ] POSSEesses IF.
- - ; ' ¢ D
S maximal within ~
- L I sl
1 =1 e Nave that
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B R — - - s e " chl o -y e i A s =
@ NRegarding sets., a subset X of S 1s a maximal subset of S PDOoSsessing

Uy
in
-
L
]
O
(D
~
~t
<
1
e
..:.__
L
LN
Lri
m
LN
N
M
LN
O
O
O
b
-
1
i 3
9
-
(-
)
L
(]
(|
[
O
O
M

\ B v - Akt / - i sl D ——
CONtainIing A e., any A X with X X =% X | possesses I

i i i -~ = », N __. ~ = = b= = - - e~ N - -

9 GIYEN dNY SEE I V€ Sa Ndl a VECLOI S MaxXximal witnin r
T IT IS the C3ase tnat Tor any ¢ U, anda ror all = } € nave that

- ™ 1 i

L} — 1 = | B

Q - vy 1 | ac A — wu sFinne | - {
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Maximal points

- 1 SLIDSET O 5 Dossessing
o3 A e - - bl o b D

EY A ou no sers 3 subsat X of S is 3 maxima
‘; .::JFU:J; od e ) a S ITL / ot | ' |[.':' L} I IJ.":m*
En

N I ™ [ |
a given property P if X possesses property P and no set properly
W, - w7 - ..-: 4 r. 2 " oo = S
containing X (i.e.. any X X with X' ' X 2T V X) possesses P.
e ™ = = - - - R — = - ™
B AVELL SNV . SET § o n Ve Say thatl a VECLor S maximal within
T IT IS the Case tnat 1or any ¢ U. and for all =] € nave that
. N 1
x + el., & F 16
@ ExXampies of non-maximal regions (in green
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P-basis of x given compact set P C RY

Definition (subvector)

v Is a subvector of x If vy < x (meaning y(v) < x{v) for all v = V).

i. Bilmes Submodu larity
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P-basis of x given compact set P C RY

Definition (subvector)

]

-

v IS a

N
(

ubvector of x If v < x (meaning y(v) ((v) tor all v = V).

Definition ( P-basis)

Given a compact set P — R 7, for any x = X, a subvector y of x is

sal b en b e e £ o o )
called a P-basis of x if v maximal in P
|r'-\ -'-"-Ig—_'_:y- .--r-;-u-— - - : !t-q——lc =t o . - = - —— = = T : = g - lalf="

OLNE JOras S a -£2asls O S d Maximal /F-CoNnta =8
sUDveCtor or »
Ilnrﬂ at V=10 & Ras iy - e W= . e e = = -~ - - = - | -
ere. D o2ins 3 d v mMean tnat tnere exists no £ .~ { MMore

properties of v (the properties of v being: in P. and a s

L o - et (T g —— - ¥ bt
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P-basis of x given compact set P C RY

Definition (subvector)

s a subvector of x If x (meaning y(v) < x(v) for all v = V)

-
-

Definition (P-basis)

) compact seE P E R wfor anyBKIERYYa subvector y of x is

—
L
o
(D
a—my
-
L4

called a P-basis of x it v maximal in P

1 Athar | 1 : - - —
| I WLIIC JOrc s — — = 3 = - = = &
- Ny Trr -
SUubDveCctor or

— —d -
-
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The “rank” of a vector

I. Bilmes Submodu larity
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The “rank” of a vector

- | b 2 dlalidlala - -
Al t = = {

A 4 r
the definition of rank from a matroid M = ( \

@ vector rank: 1 »

£ Jivel ympact set
N B W £ P Aw - H i

= = G — = n| - =
- - I ——— - - - - — —~ ——
= - - s —-.- -
| -
— = = ~ - - =
= — o= =

I. Bilmes
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The “rank” of a vector

@ vecCctor rank 3 1act set % efine n f
- Ve = - 18
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The “rank” of a vector

- =y e -~ - - - — -~ A ' e T
@ Recall the aerinitic T rank from a matroid M = (V.1
ank(Al = maxil/ : I C Al =1 17

L
|
= |
a
[ |
B
3
- |
®]
.
M
[
LS
V]
T
5y
WL
|
{
!

@ vector rank
/eCTOr rank elative to this F In the Tollowing wa SiVEeNn an
X & IR e derine the veCtor rank, relative 10 ~, 38
- - _1|—-
’;"‘]ﬂ — 'T'l,j \ | 15, ] r ._J_C,I
where y < x IS componentwise inequality (y; <
= g - L

Submodu larity
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The “rank” of a vector

- =y | Lol T = sl=tdlaltadTals = i i - e - - T \ A . I
@ Recall the definition of rank trom a matroid M = (V. 1
rank(A) =max3i|/|: I C A Il =1 17

- = i“' 'D) = i
eCitOor ranek eiat = LO LIS IN the ToIlIoOWINng wah\ Jive al
> b
e " e dertine the veCtor rank, reiative 10 r~, das
& F— '1|-"|
rank = max{vi V] - | 1O}
whnere S componentwise inequality
0 If B the set of F=bases Gfix.‘than rank(X) —m
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The “rank” of a vector

FINK{ Al — Max IF !{ — 1 — 1"
oo ] - | l, - B — ~ - - ﬂ.
@ vector rank: Given a compact set P — RY, we can define a form of
- p— — i_ p— l_‘: . y
ector rank relat to this P in the following way: Given an
i N /€ define the vector rank, relative to £, as
- — J y __-' |-‘|
rank(x) = max(v(V) . e ] (18]
wvhere s componentwise inequality
~ ™y r i
@ It B, Is the set of P-bases of x, than rank(x) = max,-5_ v(V)
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The "rank” of a vector

@ Recall the definition of rank from a

g — S —
ank(A] = max / ] T A =3 17
F viareEsard eEm . E =1z B ---4--\,4\—1-4—+ - s 1 I'- = - e 2 l=h a8 sl = - - T
@ vector rank: Given a compact set P — JL ., We can aeineg: a'torin o
') | o
JECLOr rane relative to this F in the toliowing wa Jiven an
- _— = i —— = = = - B - —
: & detine The veClor rank, rejative 10 ., as
- s SR - 155
rank = max |yl V) - ) 16)
whnere X |S componenitwise |”‘:C:U:_:':i | &
s h e i
8 Ir: s the set of FP-bases ot x. than rank{x) = max.-r v(V)
| - » = b -~ - = \ = - - - q by - -
@ IT X ol 13 cnen alkK — I\. Y S ITS OWwWnNn uUnigue r-pasis
= - =§

- - A 4
Matroiq ivi = \ /
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Polymatroidal polyhedron (or a “polymatroid” )

Definition (polymatroid)

A polymatroid is a compact set P C R satisfying
0cP
Q If, x = P then v = P (called down monotone)
@ For every x = 2Y any maximal vector y = P with y < x (i.e., any
P-basis of x), has the same component sum y(}

i. Bilmes Submodu larity
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Polymatroidal polyhedron (or a “polymatroid”)

Definition (palymatroid)

AV
b
3
3
4
J
)
i
'
f
D
]
L~
|
i

_ =7 satistying

A polymatroid is
Q@ 0cP
Q If vy < x = P then vy = P (called down monotone).

e —

0 F’,_'}I" Svery x — —— any max rﬂ-ﬂ J\..-\.Ur \ '___ i WITN - any
?_hagis T NAac T™Tha aame o - A
!C‘-J-::: IR XN HasS - LHNC-SATHE uTT'uu'IP"h sum vl \

|. Bilmes Submodularity
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Polymatroidal polyhedron (or a “polymatroid” )

Definition (polymatroid)

@ If « = P then v = P (called down monotone)

@ Forevery x = =Y any maximal vector vy = P with v < x (i.e., any
P-basis of 1as the same component sum y( |

3 t ~ct3ted That is PRI o

I. Bilmes
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Polymatroidal polyhedron (or a “polymatroid” )

Definition (palymatroid)

A polymatroid is a compact set P C R satisfying
Q@0cP
Q If x = P then y = P (called down monotone)

'_- ~ = 3 3 W - % - - fa - = ﬁ 5 = = - -
@ Forevery x = =Y any maximal vector y = P with vy < x (i.e., any

P-basis of x), has the same component sum y( )

@ (Conaition 3 restated: | hat is tor any two distinct maximal vectors
Vi, Y- F th y* < x & y< < x, with = yv=, weé must have
B | ]L e \
3 t estated (ag For eve o sy
Y Y &n =N ect s the - yonent

|. Bilmes Submodu larity
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Polymatroidal polyhedron (or a “polymatroid” )

Definition (polymatroid

A lymatroid is 3 compact set P C K7 satistying

e e

— e —

PO
Q@ If « = P then v = P (called down monotone
@ Forevery x = =Y any maximal vector y = P with v < x (i.e., any

P-basis of x), has the same component sum \

@ Londaition 5 restated:. | hat IS 1Oor any twoO distinct maximal vectors
V. Yy e F, With y < X & y° < X, WiIth vy~ = y*, wé must nave
o | ‘L — \
f’_--.ﬂﬂ-»—-\. 3 et o~ -— B —~ e i -
@ LOondaitic 3 restated (agdin). ror eve =mis — ever
maximal independent subvector v of X nas the same ccmponent

|. Bilmes Submodu larity
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Polymatroidal polyhedron (or a “polymatroid”)

Definition (polymatroid)

A polymatroid is a compact set P C R satisfying
® 0cP

2 I x = P then v = P (called down monotone)

I= 1% e s = T3 ¥ - ik e il N — -
@ Forevery x = =Y any maximal vector v = P with v < x (i.e., any
> | - | N e g g g -~ o~ i
P-basis of x), has the same component sum vi( V
@ Vectors thin F k. an ) are called independent. and

actor outside of F is called dependent

i Bilmes Submodu larity
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Polymatroidal polyhedron (or a “polymatroid” )

Definition (polymatroid)

A polymatroid is a compact set P € R satisfying
@ 0P
@ If x = P then y = P (called down monotone)

@ For every x = =Y any maximal vector y = P with vy < x (i.e., any

g

P_hasis of » Lo o L
adJai2> U ! 5 aa LT 2

¥

e component sum y( \

] » [ !_'1.

J \‘fﬁ-‘_ﬂr\ A "["" N | = ANy — 1 are r a0 AOENESNOA&NT .
-y Y W v ELIRIL ! - - Vv = w | i e BAY ] ws ¥y Ll L L
ector outs

L L L e R

a - % =~ y L .-.-__‘_-_-__- - b \ = T-!1_- - -..-..-_ a--“-..q - - - = - = - - = --|1|
- - - o e S - - L g - P | —_— o - - . - |

= | e ’ - alir
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Matroid and Polymatrmd side-by-side

A Matroid

LN

A Polymatroid is:

|. Biimes Submaodularity
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Matroid and Polymatrmd side-by-side
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Matroid and Polymatrmd side-by-side

1{ pﬂ' |m"_'|,::|_.\__'u_,I .:
@ acompactset PZ =

@ zero containing. 0 = P

@ down monotone < x&€P= = F

I. Bilmes Submodu larity
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Matroid and Polymatmld side-by-side

A Polymatroid

Lri

—

& acompactset P =7

@ zero containing. 0 = F

Submaodu larity
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Matroid and Polymatrmd side-by-side

Ln

b

A Polymatroid |
® acompactset P R
@ zero cont

1 ,nrqf— Tatwalal=
9 ‘Ll.lu_d.‘rrl A t LA

Ll.!

rI

|
g\
|

I

9]

J
1
d
i~
]
- |

i. Bilmes Submodularity
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Polymatroidal polyhedron (or a “polymatroid”)

Left: 4 multiple maximat y < x Right: = only one maximal y <
'J - . o 1 I T : ! = ¥ 1r - i ]"I
TI= 1 T ; in T =

i Bilmes Submodu larity
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Polymatroidal polyhedron (or a “polymatroid”)

= _
@ Polymatroid condition here: ¥ maximal

Gl bl S - S S

- ~ s T =bxl &l = - g, - oant = Ll g - ¥ - . = il s e LT =

h':r e -T =—alila - L. | - -‘JI-:"— f.'_ Pl "; -:-I:q[hl s iy r__ L = LiaL .]L‘-l-'l:
\ — e o
ViV ) = e — CLOTM5SL

@ On the left, we see there are multiple possible maximal v = P such
that y < x. Each such y must have the same value y(\

o the richt there is on s AN D Since there is anl
1€ th : 11T Lne 1ME | T i

| Bilmes Submodu larity
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Other examples: Polymatroid or not?
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Other examples: Polymatroid or not?

I. Bilmes




Folymatrowds
SRRRRR RN RN RN RN NaRnRREN A AL

Some possible polymatroid forms in 2D

~ R o S ~ by e ~ et b e -~ = 1 o~ PR ol |
It appears that we nave three possibie forms of polymatroid in 2D. when

I
(V]

@ In the middle: full independence between 1

Un ther ocnt. partia ndependence between v; and

- = s‘ 0

- -y - - )| - - —— -~ { — -

| he P-G._::':: | Or single F-base in the Mmiddie case| are 3s ingicated
Independent vectors are those within or on the bouncaryv ar the
DAOIYyLope ;}‘E:E‘:f:"t eCtors are extierior tc ‘::"'1 DOIVTIOpe
e -
| he set Of F-Dases Tor 3 polytope Is Called the base polytope

Submodu larity
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Polymatroid function and its polyhedron.

A polymatroid function 1s a real-valued function f defined on subsets of

\V which 1s normalized, non-decreasing, and submodular. That is

0

Q@ (V) =0 (normalized
@ f(A) < fl
Q@ F(ALB)+f(ATB) < f(A)

We can define the polvhedron P, associated with a polvmatroid function

9y
[
(W)
-
[
3

¥
e

|
D 00

|
—
-
(@]
Q)
r+t
O
=
M
-
O
3l
]
m
[ ]
i
i
LN
- |
0 L¥]

as follows

i =sy ekl ylA}<(A)forall AC VY (19)

|. Bilmes Submaodu larity



Folymatrouds
ARRRER R RN RN RN AR NINENARENIAIEEL

Polymatroid function and its polyhedron.

i ~ v o f £ T ™ o - 1 1 T Naothine i © oy c M
A poOlymatroia tunction IS a real-valued tunction efined on subsets of
V. which i1s normalized, non-decreasing, and submodular. That is

Q 7(0) =0 (normalized)
Q@ f(A) < f(B) forany AC B C V (monotone non-decreasing)

JBY+Ff(ATB) < f(A)+ f(B) for anvy A. B Z V (submodular)

@
-
>

We can define the polyhedron P/ associated with a polymatroid function

as tollows

Submodu larity
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Polymatroid function and its polyhedron

Definition

A polymatroid function is a real-valued function f defined on subsets of
VV which is normalized, non-decreasing, and submodular. That is

Q 7(0) =0 (normalized)

9 f(A

) < f(B) for any A C B C V (monotone non-decreasin
Q f(AL B)+r1{A1B)~ (A

uq

toranv™A. B — V (sub

oaular)
WIith a po

vmatroid function

i. Bilmes




Folymatrowds
AANRE NN I RN NN INRERENIZIREL

Polymatroid function and its polyhedron.

Definition

A polymatroid function is a real-valued function f defined on subsets of

V' which is normalized, non-decreasing, and submodular. That is

-

f(0) = 0 (normalized)

Q 7
Q@ f(A) < f(B) forany AC B C V (monotone non-decreasing)
Q (A

WiBy=(AreB s (A)=f(B) forany'A. B — V (submodular)

We can define the pol ‘on_emassociated with a polymatroid function

-
. - v

Lo

-

Pr =1y Ry (A) < f(AF-BC v

— Jy c 2V < f(A) forall AZ V! 20)

I. Bilmes
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A polymatroid function’s polyhedron is a polymatroid.

Theorem (Edmonds, 1970)

~d JEE Fa— - = o £, e 3 s en o el s Tep ey o & e

Lt‘f I Deé a polvmatroid runction gerinead on supsers ol \ For an\

w - —: v ~ =M ;_ "r-'—-— " = _': IL -'-f" . 1" —~ walealalalal~TatalR40daa "'!"I W, _;-

X &S, , dN any r;, -Dasis y < K OFr X, the component sum or ¥y )

PV —ran s =maziyviiv): v <x. v F;
- oF 4 £y = 1 o2 B
- min(x(A)=f{(V A): A . (21)
s
' —~ - B et | = - + P T . s = i
_-‘]15 a conseguence, F- 15 3 polvmartroid, since r.n.5. i1s constant w.r.t

|. Bilmes Submaodu larity
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A polymatroid function’s polyhedron is a polymatroid.

Theorem (Edmonds, 1970)

A+ + ha 9 - S . & — - ~r 1 £ | -y -
Let f be a polymatroid unction defined on subsets of \ ~or any

- B ! S e =\ - T2 g oy w0 Y -
X & It anag any r', -Dasis = or Lhne compone sun IS

|
0
-
A5
&
|

max(Y(Vizy . < X.v. €1 P
:mln(r(A)+:(V Al:AZ V) (21)

L1}
"]I.:_ a consequence. F. Is 3 J:I‘.Wﬂ*’“r’d since r.h.s. 1s constant w.r.t. v’
I. Bilmes

Submodu larity



F-.wmmds
RANERN RN R R A RRRERN AT IGEERR NIRRT

A polymatrond function's polyhedron is a polymatroid.

Theorem (Edmonds, 1970)
be roid function defined on subsets of /. For an)
S ¥ 2! of x, the component sum of y* i

LJ]

Let f be a polymatroia
- T ¥ - o - i - -
— I8, , AN 3ny r; -pasis = L Nne compaol E

Mty (M E < XV =1 P
f1\
.-_J' '.

(A )=+ i (V\A) AC V)

since r.h.s. i1s constant w.r.t. Y/

|
a
:]
25
<3
|

|

F. IS 3 polymatroid,

I. Bilmes
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A polymatroid function’s polyhedron is a polymatroid.

Theorem (Edmonds, 1970)
ubsets of For an)

- 7 Jl - - - -— -~ —- = '-‘. -
Let f be 3 polymarroia runction aerinea
- T3 | D o = 0 IIL - 5 . L - — - e e, | - 1/—
X & K., and any F. -Dasis = ¢ Oor x, the component sum ofr 5
V) = rank(x) = max (y(V): v < x.v = P>
— { . f - \ 1 i g \ 31 )
=min(x(A)=f(V A): A Z\ (21)
- g~ - —— 5 [ e -~ - — —— - — — - -
As a2 conseguence. F 4 § 3 polvmartroid, since r.n.s. 1s constant w.r.t.

With an appropriats choice of x. we can define recove
function from the polymatroid polyhedron via the following:
£ : - M+ 5"y
A) = max{y(A): v =P, (22)
sat=1ak MIIArTant concaonmiiancac AT tnic thamram =+rar Yhan T
ortant consequendces Or tnis theorem (other than jJust
ation

(|

There are mal ¢
unction minimiza

zarding submodular functic

o g s et et A Y ke
Fe IS d POolymatroid c£al

Submodu larity
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A polymatroid is a polymatroid function’s polytope

| hus Aen 7 Is a poivymatroiga runction, F S 3 paiymatroid
? t t that rsely, f v D t Pt in
SSi te L ! C =
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A polymatroid is a polymatroid function’s polytope

—_— ™ T
For any polymatroid F (compact subset of : ZEro contamning, gown-monotone
anag any maxima gepengent subvecto 135 same component sum
e ¢ p .,]l_ -

Satiey R Moros — ] aTa IV — - kol L] - ol i e A
vi V) = rank( x tnere 1s a8 polivmatroia runction r . 4 — ormalizeg

= = a4+ B [T
monotone non-decreasing. submodular} such that = ; 1ere
f:—-. . L L z —1 _jl _1" = 'I

Submodu larity
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A polymatroid is a polymatroid function’s polytope

= . il
then f is a polymatroid function, P; is a polymatroid
matroid P. there is an

@ IS '_ ; 3 Ve - O
associated polymatroidal function uct -
Theorem
7 - = & it * Far Ol oatdR iR il = noLorne

For any polvmatroid Fllipact subset
ang . an 13X1nd gepengent subvecto 135 S3MIe Component sun
v(V) = rank(x)), there is a polymatroid function f : 2¥ — = (normalized
monotone non-decreasing. submodular} such that P = P,/ ers

). x(A) < F(A). YA C \

A ——

Submodu larity

I. Bilmes
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A polymatroid is a polymatroid function’s polytope

—
' S a polymatroid runction, F 1S 3 Paiymatroida
@ |s it the case that, conversely, for any polymatroid P. there is an
e - e T - - - —~r = ' el e e s sk o ,__‘- —_ :_
daaJllaiTu et N = . Ud I.-ln'-l.”--}"‘l :LJ-\-' ilal e

S———
22004

For any polvmatroid Pli@@mpact subset of ', zero containing, down-monotone,

: = @ ponent sum
i - - | -
bl oarn re= o sl - . ’ R Wy ) b ¥ T ey |
viV ) = rankl x tnere is a8 poivmatroid runction 1 rmalized
monotor alels ~res Z. sSubDn : SLUCH thar P = P~ =
onot 2 nNonN-decreasing. suomoduia S Lilal I ~ ere
Y = A A A |
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A polymatroid is a polymatroid function’s polytope

 hus, when f is a poclymatroid function. P,

Rt L - ——
' S 3 d e LION, I, 5 d PO 1dLIOIC
. - —
- $hoe ~mocs o - o~ i &~ - 1 e iV ie e =il B al=] = -
@ IS IT The Case Tnat, conversely, 1or any polymatiroid LNEere 1s an
et T += oy ™™ P R e e, = K - - = *= B lada cdalsh e T __._
daxaJoiailTu (A aliUllUa l.jmlx-l.lrl-«'iql ] L Lildl I —

For any pof_vma troid Pilli@8mpact subset of &Y, zero containing. down-monotone,

and Vx = E . any maximal independent subvector v < x has same component sum

- B —r - - \/ —
v(V) = rank(x)), ithere is a pof_'v'matro:d function f - 2Y — E {normalizad

— —_— iy — |

' =
S T o g — - | SR i - ay T+ i * —_—
monotong non-agecre3si g. suomoauiar) BHeER ENac FE=—.r; ere

Pt ={xecRY: x>0 x(A) < f(A). VA C \
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Next, a bit on rank(x)
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A polymatroid is a polymatroid function’s polytope

— -
~ - g - - =y -~ - =T R — 1 r~ - - i
| hus, wnen S a pciymatroia runction, / S 3 polymatroic
—
- - el e e T —— -~ - . - — e I - - -~
i P L o aT, conversely, Tor any polymatroid [Nere 1s an
= T e s el | T ] - = ] - e~ = e B = —_ :_
gdaxaJulialcd QU glivdida ljlﬂ'__,_uﬂ ¥ L ilal 3 .

Theorem

For anyv Doi_vma troid Plll€@mpact subset of ¥, zero containing, down-monotone,
and vx € E[ any maximal independent subvector v < x has same component sum
v(V) = rank(x)), there is

3 polvmatroid function f : 2V — &
monotone non-decreasing. submodauiar) such that P = P; whers

» e k! i i r. 1 1
- — c X v

A A A
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Next, a bit on rank(x)




Folymatrouds
AR NN R RN AR NN NART IR IAEY

Next, a bit on rank(x)

L]
J
J
t
it

e I4—-| :,-
@ For vectors i = B et U be the element-wise ma =
.' i) = max(u (1))). and u be elementwise min
@ The polymatroid vector rank function rank(x) also satisfies a form
of submodularit
I heorem (vector rank and submodularity)
il > i - - = - I e - po—_——— s -~ T 1 S S . " - T
2L :L e a pPolymdatroia poiviope. | he vector rank tunction
— |

rank : i< __ > Jowith rank(x) = max(y(V) : v X. VY = F) satisties, for

allu,.v ek

i. Bilmes Submodularity




Folymatrouds
AARRE NN R RN AN NaNY LRI

Next, a bit on rank(x)

P eCall that the matroid rank rTunction Is supmoagular
@ rOr vectors i el U pe the eiement- SE Max e.
— > = - 2T - =~1l~tsal=-laks - sallla
' — Max {1)) anga u DEe gle 2NTwise |
@ The n B o Ly O e e et TO ARl £ S s epy By e P R S
12 PO Lol veCilQ d4NK TUNCLIO ANK| 4iSC S4TISTiIES a8 Torm

OT submoaularity

Theorem (vector rank and submodularity)
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Polymatroid from polymatroid function

@ Recall, a matr

LN

G May De given d4ds | V.. r) where tne rank

Hﬂr:',}ﬁr

@ \We mention ziso that the term “polymatroid  is sometimes not used

for the polvtope itself. but instead but for the pair (V. f)
@ Since (V. 1) Is equivaient to a polvymatroid polvtope. this Is sensibie

| Bilmes Submodu larity
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Polymatrmdal polyhedron and greedy
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Polymatrmdal polyhedron and greedy
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Polymatroidal polyhedron and greedy

I =0 T e N 1 - - 7 - %N o
@ Let |‘L . Je a set svstem and w — -~ Oe 3 welgh JeCto
| i b i = g == e | e B g v
@ Recall greedy algorithm: Set A = (), and repeatedly choose
\ i ol S T wirith e | (s e 7Y T8
vV — 1% al-1fla LNat A \ = L WwWIiii a3 Idl 2T a5 pPUsailic
=)
Sstopping wnen no sucn eXISLS
— —
@ FOor a matroid /& Sa that set system | L]I1S a matroia I1ir 10r
— % i
'E:EC}"' weighnt Ttuncticn — g the ocreedy alcorithm |eads to a set
= = =

i
i
-
4
)
=
=
I
1]=]
-
i
:-.-‘

|
{
|
|
L
o
O
"ﬂ_ ;
0
—t
-
O
O
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Polymatroidal polyhedron and greedy

T I | i T - - -~ ~ o~ o~ - } - T - - - . - —
@ Let (V./) be a set system and w = XY be 3 weight vector
| - | el =TT sk —~ = 1 \-: - :h —= = FOAam o e e g e
3 D'-E_j- greegy algoritn 5T A = anga repeated cnoase
" — 1, 1 <154 T -—i ~ T - ~ rrn = meaccihle
| ~ SUCN that L L WIT b asS 1arZe as possipie
o . _— =1 - - c -y - et ol =
StoppIing Whnen No suc =X ISTS
e ’ =
T = N Oy T e | Nre =N A Tt o =\ T O a0 \ - - "~ a3 Traalrl IT™ T
@ For a atroid, we saw tnat set system ¥ o 2] 15:4 airoid o
I L ! " 1
~ar-nm el fiirnctian - - o orasa = ilsfaldbdatan carltc M T oo
eacn weight runcticl V — &, . tNEe Ereeay algoritn =3ads [Oo a set
- - >
, .
e T
| = 1 of maximum weight w(/)
=
t - = . - = ey eTamm = awrd = =Tal1LT -— eyl = | ~ - r
@ Lan we aiso characileriZe 3 POlY Natroiga in tnis wa
— = P
=" | + t = £ 12are = ayracante Hhe
2 - - =
nadepengent VerTors = IT The r3se that = A B nartroid 1t
DE - . = S [NE CdSe 3T = 3 -
- ks T rnis m mization
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Chains of sets
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Chains of sets

— - -
| as10ia BaiaermanT ~ET O NTadAarc - T
3 iroungd eiement |\ i. & n =L U LEETT S S =
- =
a_ '_-1| - Marrm - ™ T — i —_ -— _— - - - BRE = -.-;_-. r‘:
bi;': - | =1 1011 La LI 4 1 - | R S
"; — W ™

(V¥
L

I. Biimes
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Chains of sets

- T.-] N 4 Dermutation 7T = T T T AT The InTegers
@ From t : 5 chain of sets | C
asw

I. Biimes
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Chains of sets

@ Given a permutation 7 = (71, 03 7,) of the integers
@ rrom this we Ccan 1orm a cnain ot sets 3 ANITN
T ao il = P . " s 1 &~ -
=i{HC Gy C — C, =V formed as
: — 7 ) ‘-.:\r — ‘ g ::.!. |
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. - - - - - i 5 = -
- = | - - - 1 | & . ——
=n 4 —y —
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™
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@ \We often wish to express the gain of an item y £ V in context A
namely f(A — f(A)
@ | his is calied the gain and 1S used so often, there are equally as

many ways to notate this. l.e.. you NIgNT see
!
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A - s £ o e a7 e 2 A e \ Ly £
@ Ve often Sh TO express the gain or an Item i ! n context A
- o~ - -
nameiy ~ B ~ )
a |_Iri| - - ~ -y ad *hae sl s nrl 1< 1 .--.-d - "—;]'1 -",-,,'.:.'._: y peom e ey - | N
S IS5 Cdlied tne gain ana Is Uused sO otten, tnere are eqQually as
-~ = 4 YT .t L - - = Py "y . * con
many ways tc otate this. |l.e.. vou NIZNT see
; } ] =

- | 1 .'-Ih.ill ; i "‘,i_

—d - 4 | _:}.I
= P ‘-'-,-.!
"\
— -
:__l i —][' : |
A\
— £ 1 0
i ~1 20
JA . .
— f Fal | \'Llr
3 £ L1 ™ — - —_—
@ VWell use 1 4 \so. fIAIB)=FfI[A B)—flE
@ S ymoadul: u diminisning r.}tl‘.r"‘u. =T [ i in e Stdatéd as
— = - - - - - eTals 5 -~ - = - - - - =i~
=a = - 'L = | -1 Sda A - e 1 =1 -
= - —
£ A x S i) 1 & ~AnAditianine n -ac
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Polymatroudal polyhedron and greedy
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Polymatrmdal polyhedron and greedy

= = 4 F = D
@ Lreedy sc » 0 M3 =y of -
:‘_?"" b -\-..H-‘-—- - | - i - -v-' — - - ~
@ HOItT éiements of v w.r.t. w so that 0.E
1 B
LI' - ..I Fr! | 1
3 = e e e . = g

Submodu larity
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Polymatroidal polyhedron and greedy

a . e Tl = o pw e = = .l:-'“
ureedy soiutio tC 3 X =
= b mass s k) o ore
@ Sort elements of |\ r.t. w so that, w.l.o.g
\ e 74 ™ | | A7 - \
V .'J. 1% i 1! ') - A
Al - - rAarTm — - - - - e g gl o p— = ldal=-2alal =T —~ S—
@ NEXT, TO Cna T SETS Dased on w sortef escenaeqa. giving:
= 5

1
LA
-

i. Bilmes Submodu larity
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Polymatroidal polyhedron and greedy

= )
@ Lireegy soiution 10 max e = 5
— i X
a N T clemoanrs - ¥ | - y M -'-!,a,’—r"- -~ -
Al L TTC o | § S R L 2 Lilal d -
\ — ™ | i =
V | W diL | | !
rnorm cngain ot Sets DAsed Oon w soried aescendaed, Ziving.
- -

P,
M
r
C
A

1
|

*Gr — bJ T 1:-__% ‘» — Sn{j I II"' l: =\
2 | s O ea - METC siement J
j = T \ - I \ - —= =

Submodu larity
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Polymatrmdal polyhedron and greedy

(Nl

| LN | A

LA

ori=2u m. Note Vg = and r(Vp) =V

i. Biimes
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Polymatrmdal polyhedron and greedy

@ Greedy solutionito ma c P
@ Sort elements of ' Vam.r.t. w so.that, wlog
V = 1 5, ' ith wol ve - W ) 2 >
@ Next, form chain of sets based on w sorted descended, giving
= 30
o =1 7 te =, and f(Vg) =0
@ The gree G the vect - t
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Polymatroidal polyhedron and greedy
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Polymatroldal polyhedron and greedy

At e L e . § P et PR e e T L e bl sl b i
g \"-;"'.-': nave a resuit vel simiiar 1o wnat we saw F Ma B

- = . - S .

et f : 2Y — E_ be a given set.function, and P isa polytope in R’
' | x(A) <f(A).FAS V.
T hen the greedy solution to the problem max( wx

ne non-decreasing submodular (1.€ ir r iIs

|. Bilmes Submodu larity
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Polymatroldal polyhedron and greedy

Theorem

- e - i
= | -

= . - —

e Y ex(AY L F(A). YA S VT, |
Then the gr

|
|
€ greeay sofuti

et function, and P is a polytop R

solution to the problem maxX{wx: x = P) isloptimal ¥Yw

1. Bilmes
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Polymatroudal polyhedron and greedy

@ We have a result verv similar to what we saw for matroids
T heorem
et f : 2" — K. be a givep set.function, andsEiis'aipolytope in . of

the form P = | SEREN X[A] < f(A).vAZ V1§

1
|
Then the greedy solution to the problem max(wx . x = P} ISloptimal 7w

4 a1 s b

iff £ IS monotone non-decreasing submodular (i.e., iff P is a polymatroid).

I. Bilmes
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Polymatroid extreme points

7 na

an extreme point

4T}

Ve

[t x 1s an ext -
've Vi ix(v) = - B CU(A:x(A)
y by some ordering of B

Submodularity
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Intuition: why greedy works with polymatroids

Maximal pointin P
for win this region.

@ Given w, the g
to find

% — f % -
A — LALET ] A

point indic

maximiz

Submodu larity
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Intuition: why greedy works with polymatroids

Maximal pointin P
for win this region.

tacmaimitee. | QL || Hefe)

Vi

|
(!p
a

— Xl& |wil e - e

X(& )W)

the upper extreme

point indicated

MaximizZes X' w over
=T
N
@ If Wl & wi &1 |

-i ~ I’" e R —
WAJEY avTrame
_1‘: L= - wr N & -I"_

point indicated

maxXimizZes x w OVEr

- E—

I. Bilmes Submodu larity




Folymatrowds
SRR RRSRIRRRR AR RN RN IR T 1T

Intuition: why greedy works with polymatroids

@ Given w, the coal is

Maximal pointin P
for win this region.

T _ ?) f(e,(e;)

o
'ﬂ.
= -
|
4 W1l A& -:f
- c -
—
~ -
@ If wia) > wile s

the upper extreme

point indicated

Maximizes X w Over
« = P7
o If wie) Wwiée)

maxXimizZes x w OVEr

w o Y
I. Biimes Submodu larity
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Intuition: why greedy works with polymatroids

3 Maximal pointin P
for win this region.

I“!p
(

that maximizes

=
W= X\& |Wwi(é&; )+
X&) )W{&)
- |T wi& ) Wi f_

the upper extrems
point indicated
Maximizes X' w O\

L-’ .

X - i

@ |f wi 251 Wwieée)

the lower extrems

point indicated

maxXimizZes x w OVEr

i B
|. Bilmes Submodu larity
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Intuition: why greedy works with polymatroids

o 3 Maximal pointin P
for win this region.

f!;

v T f  — ¥ .‘.:' 1| :‘ i
e )W &
@ If wie wie
the upper extreme
point Indicated
maximizes OVEr
- C;—
=
@ If wie) w(eq)
the lower extrems

point indicated

- o~ v 1 !
v et W e

MaxXimizes

= II-' —
Submodu larity

Y — M~
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Polymatroud with labeled edge lengths
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Polymatroud with labeled edge lengths
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A polymatroid function’s polyhedron vs. a polymatroid.

@ Given these results, we can conclude that a3 polymatroid
extremely natural polyhedral generalization of 3 matroid. This was
all realized by Jack “dmonds in the mid 1960s (and published in
1969 in his landmark paper “Submodular Functions. Matroids, and

:'“‘

Certain Poly!

@ Jack Edmonds NIPS talk. 2011 http://videolectures.net/

1= i o = N = s | ‘F“'r""'"lf ™ M T = o
e W -s:__-_!q_.________-..l...._._-_-' b_‘l_;u_'.uua__

i. Bilmes Submodu ety
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A polymatroid function’s polyhedron vs. a polymatroid.

extremely

all realized by
1969 in his lai

r-r--rv-r r._,..-.

i Lal

iI. Bilmes

natural polvhedral ¢

NIPS talk.

- -

onds In the

P |
mid

2011 http://videolectures.net/

= = """.-""F"j ™ ma+r-r 4 =
e e B e Y = Al AL P I_J-_(_J..._L-__ il
—

Submodu larity




Qutline

i. Bilmes Submodularity




Submodular Propertes
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Submodular (or Upper-SemiModular) Lattices

. n |
- e { o = -l . e g e el i g P ——— R -

The name "Submodular’ comes from lattice theoryv. and refers to a

property of the “height’ function of an upper-semimodular lattice. Ex:

consider the tollowing lattice over ( elements.

~

1
]
|
Qo

Qo ""!_Jx-hl dlLTICesS requir

n
~t
—
_—
0
C

LaJ
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Submodular Properiies
S588111

AN ER SR SRR NN EREN

Submodular (or Upper-SemiModular) Lattices

The name "Submodula
function of an upper-

property of the
consider'the follov attice ov

neignt
@ >Such

B ubmodularity ‘

T\ ,  h(r)+h(y _
- > h(rvVy) e ° ‘ |

>/ + h(rAy) \ / |
2+2>3+0 . o \0

(Fal
-
C

J

L
1
¥
™)
]
|

- e e

Submodu larity
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Submodular (or Upper-SemiModular) Lattices

e attice_gver ( elements.

consider the rollowing lattice

*];:-ir
T o - e ol IF ol =T e NN AN = - - r - 11
@ Duch lattices require that ror al
I ﬂ ) Y 7]
'] b
\ Q 2
\ { : !
\ f f\
\‘ . / \
J _- '-.I- 1"}
=] 2y R =
) | Ne 1attice IS
upper-semimoaulat
submoduliar), neignt tunction
IS SUDMOoauiar on the {attice.

124

page 52

Submodu larity
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Submodular Definitions

Definition (submadular)

— —

A function f : 2¥ — = is submodular if for any A. B Z V', we have that:
f(A)-f(B)>f(AUB)+f(AN B (32)
@ General submodular function, f need not be monotone
non-negative, nor normalized (i.e., f(()) nesed not be = 0

Submodu larity

I. Bilmes



Normalized Submodular Function

=) GI‘JE:” any submoauilar tunction r Y — K1, TOrm a normalized

@ | his operation does nct arrect submodularity, or anvy minima or
Maxima
A : el = - & - - i Eritmei= | - - - - | = ;
@ We will assume that all functions in this tutorial are so normalized

i Bilmes Submodularity
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Normalized Submodular Function

a (—: P 3 ~silvrmmesAdiilar L; W T f_ = ",II,- --' FArrm
JIVEI ;1”'.* =LAl '-..'.LJ-LJ..J.F Ll '\.L-.-‘n g — & 1. -...-.T-

D
-

normali

¥
I

J oo o g - . M -

vVariant 1 P o WITH

LAl

f'(A) = f(A) — £(0) (3

[}
-
D
J
¥
I

@ | his operation daoes nct arrect submoadularity, or any minima or

1 A . 1 ¥
2 a1l —— e T=Td s B s =1l & T dl s - - ic Fri*Aarial - —— " A== ‘
@ Vve wi assume that aill Tunctions In this tutorial are s¢ ormailized

i. Biimes
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Submodular Polymatroidal Decomposition

|. Bilmes Submodu larity



Submodular Polymatroidal Decomposition

submodular function f : 2°

dentity
4 1 £ 1 \ 1 s : 3
A) = Ay — m(A)+=m(A) = 4)
"4
-
A}
'y = P !'- -'.I P e e ] p R’ _“ " . g s
for a modular ction m: 2¥Y — &, where

I. Biimes
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Submodular Properties
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Totally Normalized
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Submodular Polymatroidal Decomposition

VEN any arbitrarv submoaular tunction r : 2° > i consiaer tne
—-.-rll-:b
LTI L
&= | 1 e i \ 1 e=" :- 14 11 J ) \
A) = f(A)— m(A)+mA) = f(A) n( A 34
- 7
-
-
=4 |
I a 2allila e L1 ¥ i wrere
r — i - 25
THad) = idl v ai ) 20

I. Bilmes
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Totally Normalized
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Submodular Properties
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e ¥ 1S Caled tne totd normalizea version or r

I. Biimes




Totally Normalized

P. = = (A) < f(A).7A C 51

q —_— lr = - - - o - $= = e - T - = = b
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Totally Normalized
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Telescoping Summation
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Telescoping Summation
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Submodular Definitions
| FEOV S R ThEn
> f(AUB)+f(ANB) forallABZ\ (SC)
i v - ': C IQ!

Given function
i f . | —
rtrA) —ribo) I
IT and oniv Ir
. _ P )
Fs }: ~ r 1\' Tor __':.l'.ll.; x = 5}. 2 \1‘_ and g

I. Bilmes




Submodular Properiies
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Submodular Definitions

Theorem

By § g M ] e p R’ ji + i
Gf'v':.” TUNCrion _ f

e
i el

f(A) = f(B) > f(AU B)+ f(AN B) forall A.B TV (SC)

IT and oniv Ir

FIVIX)=TIvIY T e al X Y

I. Biimes




Submodular Properties

SIS EAROERE

EASSERRRE

Theorem

Given function f : 2¥ — = then
f(A)-f(B)=f(ALB)+f(ANnB) forallA.B Z\ (SC)
if and only if
Yitorall X CYC V. andv & B DR)

o i
g summation to both sid

lrp[ /ing telescoping st
FIA) — ANB)> f(AU B)
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Many (Equivalent) Definitions of Submodularity

FLL 1S ) = Tkt g § A= \ Vit L '— \ /
F(J1S) >y S - ST Vwithj; =\ e -
i - — £ - — 1 — - 1
(AU BIAN B) AnB)+-f(BIAN B A B C

—
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Submodular Properties
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Many (Equivalent) Definitions of Submodularity
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Many (Eguivalent) Definitions of Submodularity

THES £ ] - S \/ ith / = \ _.
~— Fa =1 = 5 i T \ = b = T

DL ) - - b R g itn C '— §

(/1S (1 S k SCVwth; =\ S

— ———
— - - — | o —
(] Y L Y, £ 5 FoiN S S k|
= e — —
———
— \ . T — i
B P ryJio ), VI O =)
el e —
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Many (Equwalent) Definitions of Submodularlty
f(A) +

f(B) > B}—r(A B), VAL BCV

f(j|S) > VSCTCV,withjeV\T

f(C|S) > HCT] VSCTCV,withCCV\T

fF(j|S) > F@S U {k}). YSE€ V with j € V\ (SU {k})
fCAUBIAN B) < f(AIAN B) + f(BIAN B), YA.BC V
BFY<f(S)+ X f(IS)- ) fUISUT—{}}), vs.TcV

,—.TS :.:' T
F(T)<F(S)+ > f(IS),VSCTcV
€T\S
FIT)<F(S)— Y FUIS\{hH+ Z FHISNT)VS, TCV
g eT
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Basic ops: Sums, Restrictions, Conditioning

@ Given submodular f1.f.....f, each € 2¥ — X, then conic

combinations are submodular.

fF(A) = Twh (40)

-

where
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Basic ops: Sums, Restrictions, Conditioning

-

@ Given submodular fi. .. ... f, each € 2V — R, then conic
combinations are submodular. |.e..

fF(A) =) aifi(A) (40)

where «o; > 0.

@ Restrictions: f(A) = g(AN C) is submodular whenever g is, for all
C.

@ Conditioning: f(A)=g(AUC)—f(C)= (A C) is submodular

Submodularity
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The “or’ of two polymatroid functions

@ Given two polymatroid functions f and g, su

A: f(A) > ar or g(A) > ag} for real ar. a,

Submodularity
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The “or’ of two polymatroid functions

@ Given two polymatroid functions f and g, suppose feasible A are
defined as {A: f(A) > ar or g(A) > ag} for real ar. o,

o
=

@ This is identical toi{ AT F(A)=ag or g(A) =@z} where
f(A) =min(f(A).ar) and g(A) = min(f(A).a.

Submodularity
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The “or’ of two polymatroid functions

@ Given two polymatroid functions f and g suppose feasible A are
defined as {A: f(A) > ar or g(A) > ag} for real ar. a,

@ This is identical to: {A: ?(A) = (f OfF g( ) = o, } Where
f(A) = min(f(A).ar) and g(A) = min(f {A) o )
o Define: h(A) = F(A)g(V) + F(V)g(A) — F(A)Z(A).

| D'r.

IJ'r'I
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The “or’ of two polymatroid functions

@ Given two polymatroid functions f and g, suppose feasible A are

defined as {A: f(A) > ar or g(A) > ag} for real ar. o,
@ This is identical to: {A: f(A) = ar or Q(A) — o, + Where
f(A) = min(f(A). ' '

f)
@ Define: h(A) —l: J:,E‘(V

Submodularity



The “or’ of two polymatroid functions

@ Given two polymatroid functions f and g, suppose feasible A are
defined as {A: f(A) > ar or g(A) > ag} for real ar. o,

@ This is identical to: {A: ?(A) = ar or g(A) = a.|

-+ where

f(A) = min(f(A). ar) and g(A) = min(f(A),a)

e Define: h(A) = F(A)g(V) + F(V)E(A) — f(A)Z(A).

Theorem (Guillory & Bilmes, 2011)
h(A) so defined is polymatroidal.

Submodularity



The “or” of two polymatroid functions

@ Given two polymatroid functions f and g, suppose feasible A are
defined as {A: f(A) > ar or g(A) > ag} for real ar. o,

@ This is identical to: {A: ?(A) = qaf or g(A) =a
f(A) = min(f(A). ar) and g(A) = min(f(A).a,)

‘!r' W h ere

o Define: h(A) = F(A)g(V) + F(V)g(A) — f(A)Z(A).

Theorem (Guillory & Bilmes, 2011)
h(A) so defined is polymatroidal.

h(A) = arayg if and only if F(A) = ar or g(A) = a,

=
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The “or’ of two polymatroid functions

@ Given two polg.fmatroid functions f and g Suppose feasible A are

defined as {A: f(A) > af or cr('A) > o} for real ar. ag.
@ This is identical to: {A: f(A) = qaf or g(A) = :. ‘, where
n(f(A).

f(A) = min(f(A). ar 3 and g(A) = min
(A

o Define: h(A) = F(A)g(V) + f(V)g(A) — r(A)g:(_A).

Theorem (Guillory & Bilmes, 2011)
h(A) so defined is polymatroidal.

h(A) = arayg if and only if f(A) = ar or g(A) = a,

=

@ Therefore, h can be Lzse{:f as a submodular surrogate for the “or of
ul

E
multiple submodular functions.
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Composition and Submodular Functions

LN

@ Convex/Concave have many nice properties of compositi
Boyd & Vandenberghe, "Cowrw Optimization”

it
O
-
L
D
(D
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Composition and Submodular Functions

@ Convex/Concave have many nice properties of composition (see

Boyd & Vandenberghe, “Convex Optimization” )

@ A submodular function f : 2¥ — R has a different type of input and

output, so composing two submodular functions directly makes no
sense.

Submodularity



Composition and Submodular Functions

@ Convex/Concave have many nice properties of composition (see
Boyd & Vandenberghe, “Convex Optimization” )

@ A submodular function f : 2¥ — R has a different type of input and
output, so composing two submodular functions directly makes no

sense.
@ However, we have a number of forms of composition results that
preserve submodularity, which we turn to next:

Submodularity



Submodular Properties
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Grouping elements, set cover, and bipartite neighb

orhoods
@ Given submodular f : 2°

V=ViuWw

— R and a grouping of
. Vi Into k possibly overlappin

S
b
—

Vi e =
IUSTers
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@ Given submodular f : 2¥ — R and a grouping of
V=ViuWiJ---U V, into k possibly overlapp!ng clusters.
@ Define new function g : 2/*! = R where ¥D C [k] = {1.2.....k}.

U[_{

(D) = £ U Vy) (41)

Submodularity



Submodular Properties
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Grouping elements, set cover, and bipartite nelghborhoods

@ Given submodular f : 2¥ — R and a grouping of
V=ViuUWJ---_ Vi into k possibly owg@rlapping clusters.
@ Define new fum:*..::. g : 2kl & R where IPC [k] =S{IR2 k},
deD

Submodularity
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@ Given submodular f : 2¥ — R and a grouping of

V=ViuUuWJ---_ Vi into k possibly overlapping clusters.
@ Define new function g : 2kl —+ R where VD C [k] = {1.2....,k},
g(D) = f(|J ) (41)
d=D
@ Then g is submodular if either f is monotone non-decreasing or the

Submodularity
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Grouping elements, set cover, and bipartite nelghborhoods

@ Given submodular f v

2Y — R and a grouping of
V=ViuUWJ---_ Vi into k possibly overlapping clusters.
@ Define new function g : 2kl — R where VD C [k] = {1.2.....k},

= f(U Vi) (41)
deD

@ [hen g is submodular if either f is monotone non-decreasing or the
sets { V;} are disjoint.

@ Ex: Bipartite neighborhoods: Let ' : 2¥ — R be the neighbor
function in a bipartite graph G = (V. U. E.w). V is set of “left”
nodes, U is set of "g*v nodes, E C V x U are edges, and
w : 2F — R is a modular function on edges.

Submodularity
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@ Given submodular f : 2¥ — R and a grouping of
V=ViUWJ---_ Vi into k possibly overlapping clusters.
@ Define new functlo ng:2kl 5 R where VD C [k] = {1.2...., k},

z(D) = f(| ] Va) (41)
deD

@ [hen g is submodular if either f i1s monotone non-decreasing or the
sets LV { are disjoint.
@ Ex: Bipartite neighborhoods: Let I : 2Y R |

eigl et | : 2¥ — X be the neighbor
function in a bipartite graph G = ( V U E.w). V is set of "left
nodesﬁ. U i set of right nodes, E x U are edges, and —
W 2 X is a modular tunc*[on on edges.

Submodularity



Given submodular f : 2¥ — R and a grouping of
V=ViUWJ---_ Vi into k possibly overlapping clusters.
Define new functlo n g: 2Kl 5 R where VD C = 1.2 s, Kk},
g(D) = f(|J va) (41)
deD

Then g is submodular if either 7 Is monotone non-decreasing or the
sets { V;} are disjoint.

Ex: Bipartite neighborhoods: Let I : 2 — R be the neighbor
function in a bipartite graph G = (V,U. E.w). V is set of “left”
nodes, U is set of right nodes, E C V x U are edges, and

w:2E 3 Risa moduiar function on edges.
Neighbors defined as I(X) = {u e U : |X x {u} N E| > 1} for
XCV.

Submodularity



Given submodular f : 2¥ — R and a grouping of
V=ViUWUJ---_ Vi into k possibly overlapping clusters.
Define new function g : 2l — R where ¥D C [k] = {1.2...., ki,
g(D)=f(|J V) (41)
deD

Then g is submodular if either f Is monotone non-decreasing or the
sets { V;} are disjoint.

Ex: Bipartite neighborhoods: Let I : 2 — R be the neighbor
function in a bipartite graph G = (V,U.E.w). V is set of “left”
nodes, U is set of right nodes, E C V x U are edges. and

w : 25 — R is a modular function on edges.

Neighbors defined as I'(X) ={ue U: | X x{u}nE > 1} for

Submodularity
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Grouping elements, set cover, and bipartite nelghborhoods

Vv

@ Given submodular f : 2¥ — R and a grouping of
V=ViUW---_ Vi into k possibly overlapping clusters.
@ Define new function g : 2/l — R where YD C C = $0:8; -5 kt,
g(D) = f(|J o) (41)

@ [hen g is submodular if either f is monotone non-decreasing or the
sets { V;} are disjoint.

@ Ex: Bipartite neighborhoods: Let ' : 2 — R be the neighbor
function in a bipartite graph G = (V,U.E.w). V is set of “left”
nodes, U is set of right nodes, E C V x U are edges. and

w : 2 — R is a modular function on edges.
@ Neighbors defined as ['(X) ={ue U: | X x{u}nE > 1} for
X C V. Then f(I'(X)) is submodular. Special case: set cover.

Submodularity
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1

Grouping elements, set cover, and bipartite nmghborhoods

@ Given submodular f : 2¥ — R and a grouping of
V=ViuWLu---U Vi into k posmblv overlapping clusters.
@ Define new function g : 2/l = R where VD C [k] = {1.2...., k},
g(D) = f(U Vy) (41)

@ [hen g is submodular if either f i1s monotone non-decreasing or the
sets lV} are disjoint.

@ Ex: Bipartite neighborhoods: Let ' : 2 — R be the neighbor
function in a bipartite graph G = (V,U.E.w). V is set of “left”
nodes, U is set of right nodes, E C V x U are edges. and
w : 2F — R is a modular function on edges.

@ Neighbors defined as [(X) ={ue U: | X x{uynE > 1} for
X C V. Then r’(I'(X_)] is submodular. Special case: set cover.

@ In fact, all integral polymatroid functions can be ob

—t
Eu
_}
m
-l
s

above for f a matroid rank function and { Vg aaarc-pr' tely chosen.
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Grouping elements, set cover, and bipartite nmghborhoods

@ Given submodular f : 2¥ — R and a grouping of
V=ViuWalJ---U Vg Into k posmbly overlapping clusters.
@ Define new functlo n g: 2Kl = R where VD C k= $1.& e Kk},
g(D)=f(|J Vo) (41)

@ [hen g is submodular if either f i1s monotone non-decreasing or the
sets { V;} are disjoint.

@ Ex: Bipartite neighborhoods: Let I : 2 — R be the neighbor
function in a bipartite graph G = (V,U.E.w). V is set of “left”
nodes, U is set of right nodes, E C V x U are edges. and
w : 25 — R is a modular function on edges.

@ Neighbors defined as I'(X) ={ue U: | X x{ufnE > 1} for
X C V. Then f(I'(X)) is submodular. Special case: set cover.

@ In fact, all integral polymatroid functions can be obtained in g
above for f a matroid rank function and { Vs appropriately chosen.

Submodularity
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Concave composed with polymatroid

We also have the following composition property with concave functions:

Given functions f : 2¥ — R and g : R — R, the composition
h=fog:2¥ =R (ie, h(S) = g(f(S))) is nondecreasing submodular,
if g is non-decreasing concave and f is nondecreasing submodular.

Submodularity



Concave composed with polymatroid

We also have the following composition property with concave functions:

—

Given functions f : 2¥ — R and g : R — R, the composition
h=fog:2¥ =R (ie, h(S) = g(f(S))) is nondecreasing submodular,
f 2 is non-decreasing concave and f is nondecreasing submodular.

Submodularity
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Concave composed with non-negative modular

Theorem
Given a ground set V. The following two are equivalent:

@ For all modular functions m:2Y — R. then f : 2Y — R defined as
f(A) = g(m(A)) is submodular

Q@ g:R. — R is concave.

@ If g is non-decreasing concave, then f Is polymatroidal.

Submodularity




Concave composed with non-negative modular
Given a ground set V. The following two are equivalent:

@ For all modular functions m: 2V — R, then f : 2¥ — R defined as

f(A) = g(m(A)) is submodular

Q@ g:R. — R is concave.
f is polyma

concave, then

asing
asing C
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Concave composed with non-negative modular

Theorem

Given a ground set V. The following two are equivalent:

@ For all modular functions m: 2V — R, then f : 2Y — R defined as
f(A) = g(m(A)) is submodular
Q@ g:RE. — R is concave.

@ If g is non-decreasing concave, then f is polymatroidal.

@ Sums of concave over modular functions are submodu

0
~

K

FIA) = g(mi(A)) (42)

=1
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Concave composed with non-negative modular

Given a ground set V. The following two are equ:’vafenr'

@ For all modular functions m:2Y — R, then f : — & defined as
f(A) = g(m(A)) is submodular
Q@ g:R. — R is concave.

@ If g Is non-decreasing concave, then f is polymatroidal.
@ Sums of concave over modular functions are submodular

K
f(A) = E gi(m;(A)) (42)
=1
@ Very large class of functions, including graph cut, bipartite
neighborhoods, set cover (Stobbe & Krause).
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Concave composed with non-negative modular

Theorem

Given a ground set V. The following two are equivalent:

@ For all modular functions m:2Y — R.. then f : 2Y¥ — R defined as
f(A) = g(m(A)) is submodular
Q@ g:R. — R is concave.

@ If g is non-decreasing concave, then f is polymatroidal.
@ Sums of concave over modular functions are submodular

F(A) =) &i(mi(A)) (42)

i=1
@ Very large class of functions, including graph cut, bipartite
neighborhoods, set cover (Stobbe & Krause

Submodularity
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Concave composed with non-negative modular

Theoem

Given a ground set V. The following two are equivalent:

@ For all modular functions m:2Y — R.. then f : 2Y — R defined as
f(A) = g(m(A)) is submodular
Q@ g:R. — R is concave.

@ If g is non-decreasing concave, then f is polymatroidal.
@ Sums of concave over modular functions are submodular
p
f(A) =) &i(mi(A)) (42)
i=1
@ Very large class of functions, including graph cut, bipartite
neighborhoods, set cover (Stobbe & Krause).
@ However, Vondrak showed that a graphic matroid rank function over
K4 can't be represented in this fashion.

Submodularity
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Weighted Matroid Rank Functions

submodular. Given matroid (V.Z)

LN

@ We saw matroid rank i
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Weighted Matroid Rank Functions

@ We saw matroid rank is submodular. Given matroid (V.ZI),

f(B) =max{|A|: AC Band A< T} (43)

@ Weighted matroid rank functions. Given matroid (V.Z), and

-

non-negative modular function m: 2V — R,

(44)

W
A%
wn
O
N
=
o
=
|
o
]
[
w
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Weighted Matroid Rank Functions

@ We saw matroid rank is submodular. Given matroid (V.ZI),
f(B)=max{|Al: AC B and A< I} (43)

@ Weighted matroid rank functions. Given matroid (V.Z), and

non-negative modular function m:2¥ — [

f(B)=max{m(A): ACBand A= T] (44)

Submodularity
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Weighted Matroid Rank Functions

T),

@ We saw matroid rank is submodular. Given matroid (V.

f(B)=max{|A|:ACBand AT (43)
@ Weighted matroid rank functions. Given matroid (V.Z), and
non-negative modular function m:2¥Y —= R,
f(B)=max{m(A): ACBand AcZT (44)
is also submodular.
@ Take a 1-partition matroid with limit k, we get:
f(B) =max{m(A): AC B and |A|l < k (45)

Submodularity




Weighted Matroid Rank Functions

@ We saw matroid rank is submodular. Given matroid (V.ZI),

f(B)=max{|A|:AC Band Ac T} (43)
@ Weighted matroid rank functions. Given matroid (V.Z), and
non-negative modular function m:2¥Y — R,
f(B)=max{m(A): AC Band A< T} (44)
Is also submodular.
@ Take a 1l-partition matroid with limit k, we get:
_ k} (45)

fF(B) = max 'm(A) :AC B and |A| < K

rtition matroid with limit 1, we get max function:

iy

f(B) = maxm(b

e b B

Submodularnity
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Weighted Matroid Rank Functions

@ We saw matroid rank is submodular. Given matroid (V.ZI),

f(B) =max{|A|: AC B and A< T} (43)

@ Weighted matroid rank functions. Given matroid (V.Z), and

——

non-negative modular function m:2¥Y = R,
f(B)=max{m(A): AC Band A< T} (44)

Is also submodular.

@ Take a l-partition matroid with limit k, we get:
f(B) =max{m(A): AC B and A| < k} (45)
@ Take a 1-partition matroid with limit 1, we get the max function:

f(B) = max m(b) (46)

Submodularity
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Facility Location

ht functions

(D
uq

ds (V.Z;) and kK modular w

-H..-.l
- Y

ving is submodular:

L (47)

-3
il
vy
¥
5
(=]
I
|
|

FIA) =Y a; max{m;(A) : /
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Facility Location

@ Given a set of kK matroids (V.Z;) and k modular weight functions

m;, the following is submodular:

“'(A):v ;max{m;(A): AC Band A =1;} (47)

@ Take all o; = 1, all matroids 1-partition matroids. and set
w;;i = m;lj), and kK = V| for some weighted graph G = (V. E.w),
we get the uncapacitated facility location function

FIA) =) maxt (48)
‘_1‘ 3=A

Submodularity
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Facility Location

@ Given a set of kK matroids (V.Z;) and kK modular weight functions
m;, the following is submodular:

fFIA) =Y a;max{m m;(A): AC Band A = 1;} (47)

@ Take all o; = 1, all matroids 1-partition matroids, and set
wi; = m;(J), and k = V| for some weighted graph G = (V. E.w),
we get the uncapacitated facility location function:

Il

Y 3
1P
.
o0
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Facility Location

@ Given a set of kK matroids (V/,Z;) and k modular weight functions
m;, the following is submodular:

f’(_ﬁt}:zr;r_ max{m;(A): AC B and A = Z;} (47)

4

@ Take all a; = 1, all matroids 1-partition matroids, and

wij = m;(J), and k = V| for some weighted graph G = (V. E.w),
we get the uncapacitated facility location function:
f(A) ; ma-:u-_, (48)
= a€A

Submodularity
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Information and Complexity functions

@ Given a set V of items, we might wish to measure the “information”

or “‘complexity’ in a subset A — V.

Submodularity
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Information and Complexity functions

@ Given a set V of items, we might wish to measure the “information”
or “complexity’ in a subset A C V.

@ Matroid rank r(A) can measure the “information” or “complexity”
via the dimensionality spanned by vectors with indices A.

= I 1% =

@ Unit increment r(v . A) £ {0.1} so no partial independence
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Information and Complexity functions

@ Given a set V of items, we might wish to measure the “information”
or “complexity’ in a subset A C V.

@ Matroid rank r(A) can measure the “information” or “complexity”
via the dimensionality spanned by vectors with indices A.

@ Unit increment r(v|A) € {0.1} so no partial independence.

@ Entropy of a set of random variables { X, } .-,,, where

g
2y

o
=
o

F(A) = H(Xa) = H(| ] Xa) = =) Pr(xa) log

can measure partial independence.
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Information and Complexity functions

@ Given a set V of items, we might wish to measure the “information”
or “complexity” in a subset A C V.

@ Matroid rank r(A) can measure the “information” or “complexity”
via the dimensionality spanned by vectors with indices A.

@ Unit increment r(v|A) € {0,1} so no partial independence.

@ Entropy of a set of random variables {X,} .,,. where

f(A) = H = UX ) Pr(xa)logPr(xa)  (49)

can measure partial independence.
@ Entropy is submodular due to non-negativity of conditional mutual

1
information. Given A B.C C V,

(l- ’\(_i B /\f_:.

= H(Xa) + H{(Xg) — H(Xaug) — H(Xa~g) = 0 [50)

1| XAnB)

—d
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Given a set V of items, we might wish to measure the “information”
or “complexity’ in a subset A C V.

Matroid rank r(A) can measure the “information” or “complexity”

via the dimensionality spanned by vectors with indices A.
Unit increment r(v|A) € {0,1} so no partial independence.
Entropy of a set of random variables {X,} ., where

F(A) = H(Xa) = H(| ] Xa) = =) Pr(xa) log Pr(xa)
can measure partial independence.
Entropy is submodular due to non-negativity of conditional

due
information. Given A. B. C C

(Xa 8: Xg Al XanB)

= H(Xa) + H(Xg) — H(Xaug) — H(Xa~8) = 0

Submodularity

(49)
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Information and Complexity functions

@ Given a set V of items, we might wish to measure the “information”
or “complexity” in a subset A C V.

@ Matroid rank r(A) can measure the “information” or “complexity”
via the dimensionality spanned by vectors with indices A.

@ Unit increment r(v|A) € {0,1} so no partial independence.

@ Entropy of a set of random variables {X,} _.,,. where

F(A) = H(Xa) = H(| ] Xa) = =) Pr(xa)logPr(xa)  (49)
acA '

X' A

-

can measure partial independence.
@ Entropy is submodular due to non-negativity of conditional mutual
information. Given A B.C C V,

“ \{ . /\{:

/ , A =
— ’

= H(Xa) + H(Xg) — H(XaLg) — H(Xa~g) =2 0 (50)

1 XanB)

—
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Given a set V of items, we might wish to measure the “information”
or “complexity” in a subset A C V.

Matroid rank r(A) can measure the “information” or “complexity”
via the dimensionality spanned by vectors with indices A.

Unit increment r(v|A) € {0,1} so no partial independence.

Entropy of a set of random variables {X,} ., where

F(A) = H(Xa) = H(| ] Xa) = =) Pr(xa)logPr(xa)  (49)

can measure partial independence.

Entrom IS submodular ju:: to non-negativity of conditional mutual
information. Given B.CC ¥
I(Xa 5: X A XanB)

= H(Xa) + H(Xg) — H(Xaug) — H(Xa~g) = 0 (50)
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Generalized information/complexity functions

@ Entropy requires a joint probability distribution over items, while
rank requires a vector space.
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Generalized information/complexity functions

@ Entropy requires a joint probability distribution over items, while
rank requires a vector space.

distribution,

. entropy. Rényi's

@ Many information functions are statistical, requirin
and measure information within a distribution. E.

—
09
Y

g

information, Daroczy’s entropy, etc.
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Generalized information/complexity functions

@ Entropy requires a joint probability distribution over items, while
rank requires a vector space.

@ Many information functions are statistical, requiring a distribution,
and measure information within a distribution. E.g., entropy, Rényi's
information, Daroczy's entropy, etc.

@ Some require a generating algorithm (Kolmogorov complexity).

@ Submodularity is a natural property of an “information” or

=

“complexity” function over subsets of objects.
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Generalized information/complexity functions

@ Entropy requires a joint probability distribution over items, while
rank requires a vector space.

@ Many information functions are statistical, requiring a distribution,
and measure information within a distribution. E.g., entropy, Rényi's
information, Daroczy's entropy, etc.

@ Some require a generating algorithm (Kolmogorov complexity).

@ Submodularity is a natural property of an “information” or
“complexity” function over subsets of objects.
@ All submodular functions express a form of “abstract independence”

or ‘'generalized complexity

Submodularity



Submodular Properties
PIEFERRENLRRNLT

Polymatroids: Generalized Dependence

@ there is a notion of “independence” |, ie., AILB:
F(AU B) = f(A) + f(B) (51)

Submodularity



@ there is a notion of “independence” |, i.e., AILB:
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Polymatroids: Generalized Dependence

@ there is a notion of “independence” | i.e., AL B:

f(AUB) = f(A) + f(B). (51)
@ and a notion of “conditional independence” , i.e., AL B C:
FIAUBUCO)+Ff(C)=f(AUC)+f(BU C (52)
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Polymatroids: Generalized Dependence

@ there is a notion of “independence” |, i.e., AL B:

f(AU B) = f(A) + f(B). (51)
@ and a notion of “conditional independence” |, i.e., AL B/ C:
F(AUBUC)+f(C)=f(ALUC)+ f(BU C) (52)
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Polymatroids: Generalized Dependence

@ there is a notion of “independence” | i.e., AL B:

f(AU B) = f(A) + f(B), (51)
@ and a notion of “conditional independence” |, i.e., ALLB C:
F(AUBUC)+f(C)=f(AUC)+f(Bu C) (52)

@ and a notion of “dependence’ (conditioning reduces

F(AU B) — f(B) < f(A). (53)

valuation):

T
vy
Il
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Polymatroids: Generalized Dependence

@ there is a notion of “independence” | i.e., AL B:
f(AU B) = f(A) + f(B). (51)
@ and a notion of “conditional independence” |, i.e., ALLB C:
F(AUBUC)+f(C)=FfAUC)+ f(BU () (52)
@ and a notion of “dependence’ (conditioning reduces valuation):
(53)
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Polymatroids: Generalized Dependence

@ there is a notion of “independence” | i.e., AL B:

f(AU B) = f(A) + f(B), (51)
@ and a notion of “conditional independence” |, i.e., ALLB C:
F(AUBUC)+f(C)=f(AUC)+ f(BuU C) (52)
@ and a notion of “dependence” (conditioning reduces valuation):
f(AIB) = f(AUB) — f(B) < f(A). (53)
@ and a notion of “conditional mutual information”
If(A;B|C)=f(AUC)+ F(BUC)—Ff(AUBUC)—-f(C) >0
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Polymatroids: Generalized Dependence

@ there is a notion of “independence” | i.e., AL B:

f(AU B) = f(A) + f(B). (51)
@ and a notion of “conditional independence” |, i.e., ALLB C:
F(AUBUC)+Ff(C)=f(AUC) + f(Bu () (52)

@ and a notion of “"dependence’ (conditioning reduces valuation):
f(A|IB) = f(AU B) — f(B) < f(A). (53)
@ and a notion of “conditional mutual information”

Ir(A: B|C) 2 f(AU C) + F(BU C) — f(AU BU @=i(C) > 0
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Polymatroids: Generalized Dependence

@ there is a notion of “independence” | i.e., AL B:
f(AU B) = f(A) + f(B). (51)
and a notion of “conditional independence” |, i.e., ALLB C:
FIAUBUC)+f(C)=Ff(ALUC)+ f(BU C) (52)
and a notion of “dependence” (conditioning reduces valuation):
f(AIB) = f(AUB) — f(B) < f(A). (53)

and a notion of “conditional mutual information”

I¢(A;B|C) £ F(AUC)+f(BUC)—-Ff(AUBUC)—-Ff(C)>0

and two notions of “information amongst a collection of sets :
le(S1: 52 S)=Y f(S)-Ff(5:US S (54)
[(5:: 5 5;) = \ —M"_?b.SJ (55)
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Submodular Separation and Symmetric Subrnod.ulllar

Minimization

@ Subsets A and B are separable if f(AU B) = f(A) + f(B)

@ Hence, separability is the same as statistical independence when f is
the entropy function.

@ Partitioning V into separable blocks can be performed using
symmetric SFM.

@ Given any polymatroid f, symmetrize it as follows:

Submodularity
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Gaussian entropy, and the log-determinant function

Definition (differential entropy h(X))

h(X) / f(x)log f(x)dx (59)

@ When x ~ N (. L) is multivariate Gaussian, the (differential)

entropy of the r.v. X is given by

h(X) = log v/ |2weX| = log v/ (27e)? X (60)
and in particular, for a variable subset A and a constant

f(A) = h(Xy) = og \/(2me) AN Al =v|Al + = log | X 4 (61)

Submodularity
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Gaussian entropy, and the log-determinant function

Definition (differential entropy h(X))

@ vVvne — 3 L = 31€ \LdLUSS the ol
= rop = TIVE]
= log 27e) oo e s (60
'\:-: a . o t = 5| i"":,.._ Fa 1"1 ct -

U

RN — RIS — (o  (27e)A X 4 - 51
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Gaussian entropy, and the log-determinant function

Definition (differential entropy h(X))

Al X) = — / f(x) log f(x)dx (59)

he

@ When x ~ \N (1. X) is

s multivariate Gaussian. the (differential)
entropy of the r.v. X is given by

h(X)=Ilog\/ 27ex]| =lo

0qg
I

g

2re)" L (60)

and in particular. for a variable sub

—d

+ A
L

A and a constant -

wn

e

FlA) = Xa)= og | (27e)A ¥ Al = ~v[A| + -

| =
L)
(19
|
oh
—

g b o [+ = b ok
J 2I1S - -t 8 311 sNC 3 dL
] :;’ — ] X i --“ - - L — 5]
Hence ditterant entron T subpbmod - and thus sg I1s the logdet
- — - [ — |- g - — -, ' — — e -t e TR LV A=W | .
=
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Are all polymatroid functions entropy functions?
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Gaussian entropy, and the log-determinant function

Definition (differential entropy h(X))

h(X) = — / f(x) log f(x)dx (59)

o D

@ When x ~ \N(u.X) is multivariate Gaussian. the (differential)

h(X) =log\/ 27eX| = log \/(27me)" X (60)

log | X 4 (61)

D

@ Applicat ot Jensen s inequality shows that
[ X —; P + A - f —~
r1ence erant ent > s submodular. and thus so Is the logdet
o — (- - -y - - — — ol L W — —t J - - — - ] e e Nl S b
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Are all polymatroid functions entropy functions?
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Are all polymatroid functions entropy functions?

@ No, entropy functions must also satisfy the following:

Theorem (Yeung)
For any four discrete random variables {X.Y.Z. U}. then

LR Y = ALY IE =1 (62)

implies that

(XY Z.U)< I{Z: UX.,Y )+ I{X: YIU) (63)
where I(-; - -) is the standard Shannon mutual information function

Submodularity
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Containment, Gaussian Entropy, and DPPs

E = T r‘\u o

Submodu larity



Submodular Propertes

Containment, Gaussian Entropy, and DPPs

Entropv functions

W l""'-

ns = Polymatroid functions -

@ Submodular functio

- ~ 4
SSidN ENLrop 1CLTIONS JET S
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Submodular Properoes

Containment, Gaussian Entropy, and DPPs

@ Submodular functions = Polymatroid functions — Entropy functions

Gaussian Entropy functions = DPPs

boint process where Pr(Y = det(Ly ) for som
definite matrix L. so DPF

)
]
]

&

in
|
4
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Semigradients

Qutline

liscrete Semimoao % :_—.-.-.. rMicarntc
o WISCICLE D¢ oauiar 2 Hgraglents
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Sernigradients

Convex Functions and Tight Subgradients

(b= o)
flla)<fa)

|. Bilmes Submodu larity
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Convex Functions and Tight Subgradients

f.(b) =f(b)
f (a) <f(a)

r
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Semigradienis

Concave Functions and Tight Supergradients

f.(b) =f(b)
fb(a} < f(a)

@ A convex function 7 has a subgradient at any in-domain point b

namely there exists f, such that

FEw] — Tilb] ~ ,?" X — D). TX (64 )

Submodularity



Semugradients

Convex Functions and Tight Subgradients

(%)
f2(b) = (b}
- ' f(x fo(a)> fla)
b »
@ A 1Cave pergradient at gon t nel
there exist that
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Convex Functions and Tight Subgradients

£2(X)
f2(b) = f(b)
/— gy f(x fo(a)i=t(a)
@ A con p upergradient at . t nel
there exist S that
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Concave Functions and Tight Supergradients

f2(b) = fb
f(x) fo(a) > f(a)

@ A concave f has a supergradient at any in-domain point b, namely

there exists f” such that
f — f(b) < (f — b). 7 (65)
@ We have that S concave s affine tig
supergradient (tight at b, affine upper b ]

Submodu larity
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Trivial additive upper/lower bounds
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Sermugradients
1 1)

Concave Functions and Tight Supergradients

f2(b) =f(b)
f(x) f2(a) > fa)

-
T b .
@ A concave f has a supergradient at any in-domain point b, namely
there exists f° such that

Flx) — fih) < IF° . x— B . % (65)
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Trivial additive upper/lower bounds
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Sernigradients
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Trivial additive upper/lower bounds

P
|
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Semigradients
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Trivial additive upper/lower bounds

el
=N
= -
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Sermgradients

.TIr.iviaI additive upper/lower bounds

@ Any submodular function has trivial additive upper and lower
bounds. That isforall A Z V,

me(A) < f(A) < m’(A) (66)

where
m (A) =) f(a) (67)
nr(A) =) f(alV\ {a}) (68)
3= A
@ n C ire both modi » tIVE ) TUNCtions

Submodularity



Semigradiemts
IR

Trivial additive upper/lower bounds

@ Any submodular function has trivial additive upper and lower
bounds. That is for all A Z V,

A

(VB

me(A) < f(A) < m'(A) (66)

W h

(g1}
—
m

o
-~

f'T"P’i-"'-“ = Vﬂ r'ia)

=" are both modular (or additiv

e) functions
@ A “semigradient’ is customized, and at least at one point i1s tight

Submodu larity
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Submodular Subgradients

= = 4 + a1 . = 1 .
- | & g ere aln-
L DY - 2
= % : :
| \ 5. = =




Semmgradients
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Submodular Subgradients
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Semigradients

S-ubr-nodular Subgradients

@ For submodular function f, the subdifferential (all subgradients tight
at X C V) can be defined as:

AMf(X)={xcR" : 7Y C V.x(Y)—x(X) < f(Y)—f(X)} (

oh
e

Submodu larity






semigradients

Submodular Subgradients

@ For submodular function f, the subdifferential (all subgradients tight
at X C V) can be defined as:

(X)) ={xcR"Y :vY C V.x(Y)— x(X F(Y)—£f(X)y (69)

@ [ his partitions ="

8 o tr.:['h; NOINTS aAarse £as O

Ol -
= i b L= al Tda.

ey
f
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@ For submodular function f, the subdifferential (all sub
at X Z V) can be defined as:

or

-
o

adients tight

IfF(X)={x=R" :vY CV.xX(Y)=x(X) < F(Y)—=Ff(X)} (69)

@ Extreme points are easyv to get via Edmonds's greedv algorithm

A point y = RY s an extreme point of 0f(X),
Iff there exists a maximal chain 0 =S5y © S, C

for some j, such that y(S;  S;_1) = y(5;) — y(S5i-1) = f(S

I. Bilmes Submodu larity




We

0q

m

i~

—t

efine a subgradi

.lj:’_ |y ._L —

ght modular

—
[

P i

on of V and define S7 = {o(1

" where |Y| = Kk

n

-
"

f

N v

F(S7
JH

corresponding to f a

) — F(S7 otherwi

ower bound of f as follows

). o(2).

un

SE

n; Xya&yN- h; FEI = TIALYA L ¥

Submodularity
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The Submodular Subgradients (Fupshige 2005)

@ For an arbitrary Y — V

3 LET 7 be a permutation of V and define S8 =Ha(T).a(2). . o(i)}
as chain where §7 = Y where | Y| = k.

@ We can define a subgradient mr corresponding to f as

-‘1:,- A1) ) =

-.-nll—n.-,

@ We get 3 tight modular lower bound of f as fo

|.ri

)=\ e (x) < FIX),¥X C )

Submodularity
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The Submodular Subgradients (Fujishige 2005)

@ For an arbitrary Y — |
@ Let o be a permutation of V and defineS& =1a(1).a(2). ... o(i)}

as o's chain where §7 = Y where | Y| = k.

un

@ We can define a subgradient h\, corresponding to f a

(#(5) fim1

W ((i) =
l S’ ) — S_ ) gtnerwise

@ We get'a tight modular lower bound of f as follows

A, (X) & N\ h'; AX1 S ItALYA L N

Submodu larity
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The Submodular Subgradients (Fujishige 2005)

@ For an arbitrary Y — V
et o be a permu

as o's chain where §7 = Y where | Y| = k.

@ We can define a subgradient h\, corresponding to f as:

Flzie tr=1
.q.‘r — ‘_ s
l*r: | = DTNErwise
@ We get'a tight modular lower bound of f as tollows
i o @ A hy (x)& f(X).vX Z V

Submodu larity



Sermigradients

Convexity and Tight Sub- and Super-gradients?

a tignt linear lower

(S

et
i - —4

@ (Can there be both a tight linear upper bound and tig
(or concave) function, where each bound is tight

Submodularity




Sernigradients

Convexity and Tight Sub- and Super-gradients?

1N TrirmaT
LY B S 1 -

Inear lower

tight linear upper bound an

s tight

@ Can there be both 3
convex (or concave) function. where each bound is

Submodu larity




Semnigradients
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Convexity and Tight Sub- and Super-gradients?

tight linear upper bound and
bound on a convex (or concave) function, where each bound is tight

Submodularity




Sermigradients

The Submodular Supergradients

@ Can a submodular function also have a supergradient’ \We saw that
in the continuous case, simultaneous sub/super gragients meant
linear.

WA & Fisher 1978) established the following iff

@ (Nemhauser. Wolsey, &

b
conditions for submodulan ty (if either hold,

LY) S flX)=

Recall that f

context of B

Submodu larity




Semisradients

The Submodular Supergradients

@ Can a submodular function also have a SUpEerg radient’ We saw that

in the continuous c3ase. simultaneous sub/super ;fad'les‘ltz meant
linear.

@ (Nemhauser. Wolsey. & Fisher 1978) established the following iff

conditions for submodularity (if either hold, f is submodular

FY) < F(X)— Y fUIX) + Y FUIXTY)
5 G ¢ ieYAX

fF(Y) < f(X)— . riy (/\'{ y'ﬂ:"_ > X)

. — —
g “r = ¥
Recall that f(AB) = f(A_ B) — f(B) is the gain of adding A in the

Submodu larity
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Submodular and Supergradients

@ Using submodularity turther, these can be relaxed to produce two
2011, lver & Bilmes

—

tight modular upper bounds (Jegelka & Bilmes
2013)

FUIVY) = Y (U X)

X

Hence, this vields three tight (at set X) modular upper bounds

m’, , for any submodular function f

Submodularity
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Submodular and Supergradients

@ Using submodularity further, these can be reiaxed to prod

modular upper bounds (Jegelka & Bilmes, 2011

Y = X
e - : . Ven
Fi Y.} = \ v

yields three tight (at set X ) modular upper bounds
ny submodular function f

Submodu larity




Semigradienis

Why is m;_z Modular?

@ m:2¥Y — R is modular if m(X)+ m(Y) = m(X
equivalently if it can be expressed as, for any X Z |\

(70)

=7,
gy
where c 1s a constant. le, m< k&
@ For example. the function

mbAY)2FX)= Y IV + Y F( X

J (71)
JEX\ ¥ X
is modular in Y as Equation (70) with
Ml 1 )= [FIX) = ) fFUIVy)| + ) AVIR'AY (72
4 _ng K el %

Submodularity
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Submodular Supergradients (lyer et al, 2013)

@ | hese three super

r

(VY

dients (which we call grow, shrink. and bar) are

1=

easv to obtain
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Submodular

Supergradients (lyer et al, 2013)

@ These three super
easy to obtain

Grow: '

et
L]
—
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Submodular Supergradients (lyer et al, 2013)

@ These three supergradients (which we call grow. shrink. and bar) are
easy to obtain

Shrink:

S o If:("‘l for ;£ Y
2y () =19 .~ '
o7\ lTTU Y {) 'I ‘;:.:_‘al" j = Y

Submodularity




Sermigradients

Submodular Supergradients (lyer et al, 2013)

@ These three supergradients (which we call grow. shrink. and bar) are

easy to obtain

Bar:

Submodu larity
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Submodular Supergradients (lyer et al, 2013)

@ These three supergradients (which we call grow. shrink. and bar) are

easy to obtain

Bar:
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Semigradienis

Submodular Supergradients (lyer et al, 2013)

@ These three supergradients (which we call grow, shrink. and bar) are

easy to obtain

Bar:

I+I f i'1| | I ..'I 1 3 .f |

@ Modular upper bound: m8v(X) = f(Y) +gy(X) — gy(Y) < f(X).

Submodularity
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Arbitrary functions as difference between submodular
funcs.

Given an arbitrary set function f, it can be expressed

=

f — g — h between two polymatroid functions, where both

polymatroidal

Q - - - - = g - wriTatio -~ - | =
= K= = = = F i -
- - - - - — - - d el - f— -
= = ey - - - ~n | = T - - - - - ——— -
- = — = 13 - - - - Lt —y, iy, —
= =N 3 = - &
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Arbitrary functions as difference between submodular

Given an arbitrary set function f, it can be expressed as a difference
f = g — h between two polymatroid functions, where both g and h are
polymatroidal

@ [he sem mi-gradients above offer 3 majorization/ maximization
1.

ework to minimize any function that is naturally expr

h

e e
23U Jd3

am
uch a difference

S
=
a - - - L, - ey |~ - - — - P — = L - - n o -~ - = - X

— - . — - - | I[ -4 c ol - | = -

AnlaaTar - C o > c "aro -1>|'||~—~7— - ¥ - g . .

T W - - L - - - - - = - — - \ A — -
. e - - . _— _— ~ . B ey -

O & e o R o
3 = Taldl & ¥ Al (W18 3 Ld ¥ = )
cr TmMec
‘ - p— — - — —
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Applications

@ Sensor placement with submodular costs. l.e.. let V be a set of
possible sensor locations. f{A) = /(Xa; X\, 4) measures the quality
of a3 subset A of placed sensors, and c(A) the submodular cost. We
have minag F(A) — Ac(A)
@ Discriminatively structured graphical models, EAR measure
(Xa; Xy a) — {Xa: Xy alC), and synergy in neuroscience

@ Feature selection: a2 problem of maximizing
(Xa: C) — Ac(A) = H(Xa) — [H(Xa|C) — Ac(A)]. the difference
between two submodular functions, where H Is the entropy and ¢ is

a feature cost function

@ Graphical Model Inferen Finding x that maximize
p(x) x exp(—v(x)) where x = {0.1}" and v is a pseudo-Boolean
3

function. When v is non-submodular. it can be represented as

|I1
J
D
Ln

-

difference between submodular functions.

Submodu larity
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Continuous Extensions of Discrete Set Functions

=% T RN & T = T
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Continuous Extensions of Discrete Set Functions

@ Any function f : 2¥ — = (equivalently f : {0.1}" — =) can be

extended to a continuous function f : [0.1]Y — &

-
- & - - - “ e i - - £ +la -
] W [ allk- =Te 1CTIC 1 INec e - - 25 1 = -
~ ] 1 s - £ i o~ - - -
. - - o ) e &
4T i a2 - S J " -
F— ~ ey o e e - i - R —— = I - vy v |
- - ) 3 - - — =11 ~= —
- = -4 E - i o = » L
s B Ta gl e I i A L
i1 1 5 i — 1y 1 — -
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Continuous

Extensions of Discrete Set Functions

@ Any function f : 2¥ — = (equivalently f : {0.1
continuocus function f : [0.1]Y — =

P ~ ~ -
extended to a continu
@ In fact. an jiscrete function detined on the vertices ot the n-L
percube 1 3 ety of both conve - S

extensions tight at the verty€es (Crama & Hamme Example n =1

I & Bx 1Or Ciscrate Function L EX ExX[2NSons

0.1] — B T G4 f - [0.1] = 3
=T
’ I
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Continuous Extensions of Discrete Set Functions

@ Any function f : 2¥ — = (equivalently f : {0.1}" — =) can be

extended to a continucus function f : [0.1]Y — =

y =
P, - - - - - - - - - - - -
[* | . =L . ] Ine e - = | e =
W 0o I— = - My r~ - ™ ™ - - s — -
- - - - -_ = b= - -~ . _— e, r - . - - - - -
= = S TIENILT 8T The Veruses 1M a & el Jie = 1
= E r Ciscrate Function LC

¢}
|
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Continuous Extensions of Discrete Set Functions

@ Any function f : 2¥ — = (equivalently f : {0.1}" — =) can be

extended to a continuous function f : [0.1]Y — =

-
a 5 T ETa TiNnar T =1 = rr =] T T =
- L L
= = | - e ; ) € e ¥
- rrAalmc nc ™ T = ™ s BrTitic 7 r X R - " oAy : Fan > | 'T
r e LI L JL L . B | T e .-‘_.:I!WI a il 3 - | N - S
ncave Extansions Ciscrara Function L x Ext

rl.l
p— un
(]
_}

AN ¥ M =

0.1 = B 0. 1SR f |+1
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Continuous Extensions of Discrete Set Functions

¥ iy = (equivalently f : {0.1}" — =) can be
extended to a continuous function f : [0.1]" —
@ In L ele 1ETINE tNe vertice r thne 1
- 1 S ety of bot - GO
tghtat the vertiges (Crama & Han )i e 1
= :Ff‘r

scrate Function
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Continuous Extensions of Discrete Set Functions

@ Any function f : 2¥ — = (equivalently f : {0.1}" E

tended to a continucus function f : [0.1]Y — =
iscrete function defined on the vertic

@ In fact, any such di
hypercube {0.1}" has a v ri-:::v of both convex and concave

extensions tight

oncave Extensions LS SLE PUNC UL
. i 1 & Te 1 — L | = Ll
e
' I
A
g
| |
@ Since there ars an sxponential number of vertices L mportant
guestions regarding such extensions Is
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Contlnuous Extens:ons of Discrete Set Functions

@ Any function f : 2¥ — = uequiuaientiw .“F: 0.1} ®)C

extended to a continuous function f : [0.1]Y — &

s
b |
O

h

@ In fact, any such discrete function defmed on the vertices of the n-D

a variety of both convex and concave

at the vertices (Crama & Ham mer) Example n =1,
Chscrste Funcoon I

re an exponential number of vertices

juest araing sucn extensions IS:
& \When are they computationally feasible tc obtain or estimate?
0 = = e = ATNema 5 erties
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Continuous Extensions of Discrete Set Functions

@ Any function f : 2¥ — = (equivalently f : {0.1}" =)
extended to a continucus function f : [0. 1] — =
ny such discrete function defined on the vertices of the n-D

3
j ~ 1 J - = - -,-\.- ; = o~ = - -
nvpercube 1U. 1 nas a vari ety LJT DOTH convex an oncave
N

ight at the vertices {C amia & Fammer) Example n =

- M

@ Since there are an sxponential nuraber of yertices {071 important
guestions regarding sucn exiensions I57
& \When are they computationally feasible to obtain or estimate?
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Continuous Extensions of Discrete Set Functions

@ Any function f : 2¥ — = (equivalently f ’C 11" — =) can be

extended to a continuous function f : [0.1]Y — =

@ In fact, any such

i =
wn

crete *'metion defmed on the vertices of the n-D

hypercube {0.1}" has a variety of both convex and concave
extensions tight at the vertices {'Crama & Hammer) Example n =1,
oncave B 1Or L are Funchon = : =Y b |
3 i) | - _- 1 —_— || | — j
.

@ Since there 3 n exponential number of vertices {0.1!". important
questions regarding such extensions is:

@ When are they computationally feasible to obtain or estimate?
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A continuous extension of f

a ~ _— gl - - 4+
—_ - —_ —_ —_
e == 4 - L
E il | | =i rt.'_‘..."’ MIE e as gf- 1 e
- b - . 5 W | - = =4 - -
- 1 4 - - - - + b v I -
- s 1l —— -
- J = -4 ' i s (W g
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A continuous extension of f

: -y _'IP"l.'i-""'f"‘l"_'f;' .""":r- 3 = = _.-l'- _,.'-.,,. = b= =
< Gi‘u'E‘."’l da suomodadauia unction f,. a w = =" . getine chai
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A continuous extension of f

@ Given a submodular function f. a w € &Y . define chain
V. ={vi.va.....v,; based on w sorted in decreasing order. Then
Edmonds’'s greedyv algorithm gives us:

| !-Ll

(76)
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A continuous extension of f
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A continuous extension of f
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A continuous extension of f

[Ne continuous extension, once again.

-

w) = max{wx : x = Fr) (/8]

s a submodular function, we can wri

Fiw) = wiv. )F(V.)= —t (79)
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A continuous extension of f

@ Definition of the continuous extension, once again

PRIV ] == Tyan Men € Fr) (78)

e

@ [ herefore. if f is a submodular function. we can write

fFlw) = wlv.,)f(V.) +— \ (wlv:) — wilv,_1))f(\ (79)

161€ Ay, = W I(Vm)iand ctherwise Aj = wilVi) =) = here th
2lements are sorted according to S betfore
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extension of f

A continuous

@ Definition of the continuous extension, once again:

|

w) = max{wx : x = Pr) (78)

@ [ herefore. if f is a submodular function. we can write

Flw) = w(v,,)F(V.,) =Y (w(v;)— w(y ) (V) (79)

where A\, = w(v,,) and otherwise \; = w(v;) — w(v,_1 where the

elements are sorted according to w as before

@ From convex analysis. we know f(w) = ma : = F) is always
f'-‘:l-*.‘l_"_ B _,4“ _'::- & ,—: _‘Ir'\.-:_ \ = = >y - - - : :_-:t -|-
e - - — e b oy - — — - = | L - a2 Jda -
neéar Tunctions (trug even nen r 1S Not SUDMOC 3 P is not a
ex set
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A continuous extension of f

@ Definition of the continuous extension, once ag
Flw) = max(wx : x = Ps) (78)

@ [ herefore. if f Is a submodular function. we can write

where A\, = w(v,) and otherwise A\; = w(v;) — wlv,—_1), where the

elements are sorted according to w as before

/ —
@ rom convex analvsis e KNow: T {w ) = max| wx § =i S d aVs
COl 1 or dny s€t o . sinNce IT 1S Lne aximum of a set of
14 2 T MY 15 T = =N g =%m| r - 1 T € AN R - & 1T .
- = - - - - - [ - - - - & &
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An extension of f

® But % s J ey Ay en oNn-subm Aar T a aTINe an
EX1Tension tnis ]
£ ; £0\ 31
—
th the = s defined based ¢ xOrtegd aescCendading
SrCler T a3 S & 3 M =re
| w(vs fi=m
P ) e & 1
2t Lilatl — A
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An extension of f

@ But, f L aye on-subpm I e eTine an
exTensiIc L
B = \ A\ () |
A
th the = S defined based orte B5CE o
fo _ T = 32
<O That Ia 1

Submeodu larity



EXIETISHONTS
AR ERNSEAN

An extension of f

's detined based on sorted descending

with the \

order of w as in w{w; w(ve) > --- > w(vy,), and whe

i J —

—
i b 1 g . 5 Bl B et = SEPLT TR Omou R
= 3 = e = = 1
E é o — S al g allC o =T & . & e
et 1
—
...,,1.: - e - o = ol a Bk 2 P LY o C . . o _r.I_,_, e N as
L T | il b N - | L = —— HE - L - - e § LW | ') —
P =
e RS R = ey = N 4n Sy — —— = 1T e T el
| = a = | oy 1 by e [ = [ =
= — — - - ! | = ol — —r
WRHnarrciinpea EertTe
| W -
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An extension of f

@ But, for any f : 2¥ — =, even non-submodular f, we can define an
extension in this way, with

F(w) = DA (Vi) (81)

=l
with the V; = {v1.....v;}s defined based on sorted descending

order of w as in w(vy) > w(w) >

> WlVvmy ), and where

(v;) — w(v;1) == m

o A ST ) { - (82)

@ Note that — N \ ' ISTan interpolation f rertam ertices ot
Wt L -y  — L L - - - & LIS - — - 4 - L e NI
| 1 ’
<
_ — /7
Pl B [ ——— g T s (R [ — \ £ B - P —— ~
e o fa nl . = o ac .
\..‘1 b N bt N - | - . e - - - - WL wd | —
pr— —
e e i i e i - e e = e e
nrail 4 = . = | = CETS alag [] | —
S - = = e - ' -t . - — - d = = e b wd ar el fd — il
wvnerclibe verte
| = - S -
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An extension of f

- -~ | —_

@ But, for any f : 2¥ — =. even non-submodular f, we can define an
extension in this way, with

with the V; = {v1.....v;}s defined based on sorted descending
order of w as in w(vy) > w(wv2) > --- > w(vy,), and where

i
-3
J

= Iw( v;) — w(Vvi;

ot el .0 A=< . - (82)
1 WilVm) |

™
q N afte A+ | \,‘ \ . | ai., "faernnlatisn - 4= =1 e - arfiroc -.r
wr L LITd e A — | i L A IS LA w — Y wr | LIV T W
JE— 4 ’
—
= '1;... - T -~ b=y s1ala FhaT - ri c the — I X~<atalala 1-1.‘—1'
- A — e b N - L - - - — b W W e =
A e N Y . - - =, e o~ - el o -, o~ o e . - o
’T_—..' ".1 = 3 Mo’ my | CETS S0 ] ! =)
e < w1 D o i NS - — - — - de Jdebd e ot W W - — e ot A
- - - | o
— o - —
{
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An extension of f

@ But, for any f : 2¥ — =. even non-submodular f, we can define an
extension in this way, with

with the V; = {v1.....v;}'s defined based on sorted descending
order of w as in w(vy) > w(wv2) > --- > w(vy,), and where

L I e —

@ Note thattw = —. Al istapn interpolation of certain vertices of
D=1 AR |
the hypercube, and that F{w)’= D> 21 Nifi( V;)lis'the corresponding
et S
nterpolation of the values of f at sets corresponding to each
\WwDerc ;r-:.: 2rte
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Lovasz Extension, Submodularity and Convexity

Lovasz proved the following important theorem.

A function f : 2¥ — = (s submodular iff its its continuous extension
defined above as f(w) =Y ", \if(V;) withw =>_"_; \;1y. is a convex

function in ="

Submodularity
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Lovasz Extension, Submodularity and Convexity

Lovasz proved the following important theorem.

Theorem
— B (s submodular iff its its continuous extension

A function f : 2V
defined above as f(w) = >, \if (Vi) with w =>_""; A\jly. is a convex
function in RY .

Submodularity
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| ovasz extension vs. vector rank function

9 Q"*r‘*“ ST - -~ | -
Icia LY Al =14 4

O
X0
A

componentwise Iinequalit

|

=%l a =
11 b |
s o | §

v in

({}]
L

re
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L ovasz Extensibn, Submodularity and Convexity

Lovasz proved the following important theorem.

A function f - 2Y — B is submodular iff its its continuous extension
defined above as f(w) = Y1 \if (Vi) with w = >, A\ily. is a convex
function in RY.

Submodularity
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| ovasz extension vs. vector rank function

tive to Pr. defined as:

[¥]
A
M
.
o
4]

{ » { O
ank =max(y(V):y < EF 163)
where y < w is means componentwise inequalit < x;.V

Submodularity
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| ovasz extension vs. vector rank function

rank(w) = max(y(V) :y < w.y = Ps) (83

D
(V8]
LN

LN

wnere y
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| ovasz extension vs. vector rank function

@ Recall vector rank. relative to Pr. defined as:

rank(w) = max(y(V) : y < w.y € Ps) (83)

where y < w Is means componentwise inequality (v; < x;. 71).

@ Lovasz extension. f : [0.1]Y —

||
L
00

) = max({w’ x

Submodularity



Extenssons
PIRTERRENND

| ovasz extension vs. vector rank function

@ Recall vector rank. relative to Pr. defined as:

rank(w) = max(y(V) : y < w.y € P¥) (83)

where y < w Is means componentwise inequality (y; < x;. 71).

o Lovasz extension. f : [0.1]Y — R:

f(w) = max(wTx : x € Pf) (84)

Submodularity
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| ovasz extension vs. vector rank function

@ Recall vector rank. relative to Pr, defined as:

rank(w) = max(y(V) :y < w.y € Ps) (83)

where y < w Is means componentwise inequality (y; < x;. 7/).

@ Loviasz extension. f : [0.1]Y — R:

flw) = max(w'x : x € Pyf) (84)

@ Both are “submodular’ in a sense that
f(a)+ f(b) > f(aVv b) + f(a A b).

=

@ When Pr is a matroid polytope, rank(1ly) = f(14) =

(D
Wy

p
=N
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Minimizing f vs. minimizing f

Let f be submodular and f be its Lovasz extension. Then
min {f(A)JAC Vi =min__ v f(w)=min,cqqv f(w).

=

\ 1
@ Let w™ = argminy f - [0.1]Y } and let
E P P, K = -
A — dargmin A) A —
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| ovasz extension vs. vector rank function

@ Recall vector rank. relative to Pr. defined as:

rank(w) = max(y(V) : y < w.y € P¥) (83)

where y < w Is means componentwise inequality (y; < x;. 7/).

—

@ Lovasz extension. f : [0.1]Y — R:

F(w) = max(wTx : x € Py) (84)
@ Both are "submodular’ in a sense that
f(a) + f(b) > f(aVv b) + f(a A b).
Crank(14) = f(14) = rar

(1)
>
L

AJ Fal o D = - sabsbkd salla e Talil¥ad e
@ When P is a matroid polytop

- Ll W

(D
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Minimizing f vs. minimizing f

Let f be submodular and f be its Lovasz extension. Then
min {f(A)|AC V} = min,,_o v F(w) = min,,cqo v F(w).
@ Let w* = argmin < f = [0.1]" ; and let
A* € argmin {f(A) A Z |

Submodularity
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Minimizing f vs. minimizing f

Let f be submodular and f be its Lovasz extension. Then

min{f(A)JAC V} = min_

y<{0.1}" F(w) = mi”-.»_—:je_i]'- F(w).
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Minimizing f vs. minimizing f

Let f be submodular and f be its Lovasz extension. Then
min {f(A)AC V} = min_ _ o1y f(w) = min,, o 1t f(w).
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Minimizing f vs. minimizing f

Let f be submodular and f be its Lovasz extension. Then

min {f(A)JAC V} =min__ v F(w) =min, o v F(w).

) \

@ Let w* < argmin< f(w) w £ 0. I]VJ and let
A* € argmin {f(A) AZ V}.

@ Define chain { V" } based on descending sort of w™. Then by greedy

b
J

it atiAm ~f | = Ve e
evaluatiol u..r .._I: YT IaVvVc

P . ~ 8 ~ k % - £ 1 1 — |\ f O\
Flw™) = ) (V) =Ff(A") =min{f(A)|A . (85)
| — h
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Minimizing f vs. minimizing f

Let f be submodular and f be its Lovasz extension. Then

min {f(A)JAC V} =min__ 3 '

f[ Wr) — mm,_L-*] ‘f}f w ).

@ Let w* € argmin < f(w)w e [0.1]Y } and let
A* € argmin {F(A) A V).

@ Define chain {V.*} based on descending sort of w*. Then by greedy
evaluation of L.E. we have

F(w*) =) M\ f(V") = f(A*) = min {f(A) AC V] (85)

@ Then we can show that, for each / s.t.

(V) = F (A (86)

Submodularity
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Max-Min Theorems

Let f be a submodular function defined on subsets of V. For any

- RY we have:

rank(x) = max(y(V):y < x.y € Pfr) =min(x(A)+ f(V ' A): AC V)
(87)

If we take x to be zero. we get:

Corollary

e o . : - _ =\
Let f be a submodular function defined on subsets of V. x € &V . we

have:

rank(0) = max(y(V):y <0.y € Pr) =min(f(A): AC V) (88)

Submodularity
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Max-Min Theorems

Theorem

Let f be a submodular function defined on subsets of V. For any

x € RY, we have:

rank(x) =max(y(V): y<x.y € Pr)=min(x(A)+f(V A :AC V)
(87)

If we take x to be zero. we get:

Corollary

J |

Let f be a submodular function defined on subsets of V. x € &Y, we
have:

rank(0) = max(y(V):y <0,y € Pr) =min(f(A): AZ V) (88)

Submodularity
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Duality of convex minimization of Lovasz extension and

min-norm point algorithm

@ Let f be a submodular function with f it's Lovasz extension. Then
the following two problems are duals:

‘ ] 2
1 5 maximize — |Ix!|5
minimize Flw) + =| w3
P, - . -
wER Z subject to x € By
= _ ™ V ‘ - 3 . !
where Bf = Pr ™ {x = RY : x(V) = f(V) is the base polytope of
i L -5 - . | 2 |
submodular function f, and ||x||5 = > .-y x(€)~ is the squared
2-norm.

@ Minimum-norm point algorithm (Fujishige-1991, Fujishige-2005,
Fujishige-2011, Bach-2013) is essentially an active-set procedure for
quadratic programming, and uses Edmonds’s greed

S gr orithm to
make It efficient.

" |

[

0q

@ Unknown worst-case running time, although in practice it usually
performs quite well.
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Duality of convex minimization of Lovasz extension and

min-norm point algorithm

@ Let f be a submodular function with f it's Lovasz extension. Then
the following two problems are duals:
2

- 1

m|n|m1z r(_w} +=SIW
weR? < subject to x € By

where Bf = P: " {x = &Y x(

r L " ~ ) T
submodular function f, and ||x||5 = ) _
2-norm.

maximize — | x

I 12

V)= f(V); is the base polytope of

-

-y x(e)” is the squared

@ Minimum-norm point algorithm (Fujishige-1991, Fujishige-2005,
Fujishige-2011, Bach-2013) is essentially an active-set procedure for
quadratic programming. and uses Edmonds’s greedy al
make it efficient

orithm to

5."."
=

@ Unknown worst-case running time, although in practice it usually
performs quite well.
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Duality of convex minimization of Lovasz extension and

min-norm point algorithm

@ Let f be a submodular function with f it's Lovasz extension. Then
the following two problems are duals:

A D
.= 1 - maximize — | xl|5
minimize f(w) +~ S| w3 dem
wER Z subject to x-€ By

— | . — | / - =

where Bf = Pr ~ {x =RV : x(V) = f(V) is the base polytope of
- e - . 5 . :
submodular function 7, and ||x||5 = > _ .-y x(€)~ is the squared

2-norm.

@ Minimum-norm point algorithm (Fujishige-1991, Fujishige-2005,
Fujishige-2011, Bach-2013) is essentially an active-set procedure for
quadratic programming. and uses Edmonds’s
make it efficient

greedy algorithm to

@ Unknown worst-case running time, although in practice it usually
performs quite well.
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Duality of convex minimization of Lovasz extension and

min-norm point algorithm

@ Let f be a submodular function with f it's Lovasz extension. Then
the following two problems are duals:

. . >
1 maximize — i3
m|n|m12*= F‘[ w) +— | Wii5 -
: 2 2 - =
weR! < subject to x € B¢
where Bf = Pr ™ {x = 2" : x(V) = f(V) is the base polytope of
submodular function f, and ||x||5 = > _ .-y x(€)” is the squared

2-norm.

@ Minimum-norm point algorithm (Fujishige-1991, Fujishige-2005,
Fujishige-2011, Bach-2013) is essentially an active-set procedure for
quadratic programming. and uses Edmonds’s greedy algorithm to

make it efficient.

[

@ Unknown worst-case running time, although in practice it usually
performs quite well.

J. Bilmes Submodularity



Extensons
LIRTRIRIUND

Other applications of Lovasz Extension

Submodularity



Extenssons
ARARENT 1

Other applications of Lovasz Extension

@ “fast” submodular function minimization. as mentioned above.

'._-"—..- 311
Qo StrLiCtLJFEG Sparse-encouraging convex norms (bacn-£Zull,
. 3 7 A BEasla 31D - ' - ~ o~ - - R
Ba-_.*"—.-_-ul_ and bachn-Zuly semi-supervised |t:: ning age
aenoising, etc
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Other applications of Lovasz Extension

@ “fast” submodular function minimization. as mentioned above.

@ Structured sparse-encouraging convex norms (Bach-2011,
Bach-2012, and Bach-2013), semi-supervised learning. image
denoising, etc.

. —rr i o
@ E.g.. last year's NIPS: Learning scale-free networks (Defazio and
g

Caetano),
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Other applications of Lovasz Extension

@ “fast’ submodular function minimization, as mentioned above.

@ Structured sparse-encouraging convex norms (Bach-2011,
Bach-2012, and Bach-2013), semi-supervised learning, image
denoising, etc.

@ E.g., last year's NIPS: Learning scale-free networks (Defazio and

Caetano),

[\._!'—'r". r cAaAr Mmegac Pt o H_—,,ﬂ aT=1mT=1a el ~ | near acoreoaation § r-.-—*--.-—~ =
@ NNOn-iineal easures ( De eperg), non-linear aggrecatio Unctions

f ™~ _‘: '—.,..., e - s L = : e s =

(Grabisch et. al), and fuzzy set theor
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Other applications of Lovasz Extension

@ “fast” submodular function minimization. as mentioned above.

@ Structured sparse-encouraging convex norms (Bach-2011,
Bach-2012, and Bach-2013), semi-supervised learning, image
denoising, etc

@ E.g., last year's NIPS: Learning scale-free networks (Defazio and
Caetano),

@ Non-linear measures (Denneberg), non-linear aggregation functions
(Grabisch et. al), and fuzzy set theory.

3 NDJEE_ many ot the critical pro Df"’tlﬁ':q of the Lovasz extensi

given by Jack Edmonds in the 1960s. k_;-";c:qu:—zt proposed an identical

intecral in 1954 and G \ *-‘*'| - cimilar intacral 10 :}1.-‘ F
In -uai'.-:.' N LY 4dNd \o. | proposed a simiiar integral In 0251
G.Vitali, Sulla definizione di ntegrale de elle funzioni di una variabile, Annal
di Matematica Serie IV, Tomo 1.(1925), 111-121
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Other applications of Lovasz Extension

@ “fast” submodular function minimization, as mentioned above.
@ Structured sparse-encouraging convex norms (Bach-2011,
Bach-2012, and Bach-2013), semi-supervised learning, image

denoising, etc.

@ E.g., last year's NIPS: Learning scale-free networks (Defazio and
Caetano),

@ Non-linear measures (Denneberg), non-linear aggregation functions
(Grabisch et. al), and fuzzy set theory.

@ Note, many of the critical properties of the Lovasz extension were
given by Jack Edmands in the 1960s. Choquet proposed an identica
integral in 1954, and G. Vitali proposed a similar integral in 1925!
G.Vitali, Sulla definizione di integrale delle funzioni di una variabile, Annali
di Matematica Serie IV, Tomo [,(1925), 111-121
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Submodular Concave Extension

@ Finding a concave extension of a submodular function is

s NP-hard
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Other applications of Lovasz Extension

@ “fast’ submodular function minimization. as mentioned above.

@ Structured sparse-encouraging convex norms (Bach-2011,
Bach-2012, and Bach-2013), semi-supervised learning, ima
denoising, etc.

ge

@ E.g., last year's NIPS: Learning scale-free networks (Defazio and
Caetano),

@ Non-linear measures (Denneberg), non-linear a
(Grabisch et. al), and fuzzy set theory.

@ Note, many of the critical properties of the
given by Jack Edmonds in the 1960s. Choquet proposed an identical
integral in 1954, and G. Vitali proposed a similar integral in 1925!

G.Vitali, Sulla definizione di integrale delle funzioni di una variabile, Annali
di Matematica Serie IV, Tomo [,(1925), 111-121
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Submodular Concave Extension

@ Finding a concave extension of a submodular function is NP-hard

(Vondrak).

@ However. a usefu
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the multi-linear ext
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Submodular Concave Extension

@ Finding a concave extension of a submodular function is NP-hard

(Vondrak).
@ However, a useful surrogate is the multi-linear extension.

(D

For a set function f : 2¥ — &, define its multilinear extension
F:[0.1]Y = R by
Fix)=Y fS) = JTI @=x) (90)
SCV €S jeV\S
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Submodular Concave Extension

@ Finding a concave extension of a submodular function is NP-hard

(Vondrak).

@ However, a useful surrogate is the multi-linear extension.

For a set function f : 2¥ — E. define its multilinear extensic

F:[0.1]Y = R by

S\ €S jeV\S
| ol g — o~ — Fr - =] o e ~ - = F ok -l ""'—."‘-l"'" - ——
@ Not concave. but still provides useful approximations for man
constrained maximization algorithms (e.g., multiple matroid and/or
knapsack constraints) via the continuous greedy algorithm followed
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MAARARAAAL

Submodular Concave Extension

@ Finding a concave extension of a submodular function is NP-hard

(Vondrak).
@ However, a useful surrogate is the multi-linear extension.

For a set function f : 2¥ — & define its multilinear extension
F:[0.1]Y = R by

Fx) =Y fS = [] @-x) (90)
jeV\S

y _ V/ IES

g

@ Not concave, but still provides useful approximations for many
constrained maximization algorithms (e.g., multiple matroid and/or
knapsack constraints) via the continuous greedy algorithm followed

by rounding.
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Submodular: Concave? Convex? Neither? Both?
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Extenssons Concave or Comvex?
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Submodular is like Concave

LN
(]
(W%
o
(41

@ Convex 1: Like convex functions. submodular function

iently (polvnomial time).
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Concave or Convex
1L

Submodular is like Concave

2
M

rThonrcrm

eparation theorei |
ular function

@ Convex 3: Frar ]
submodular function and g : 2¥ — R |
such that for all A = |
g(A) < f(A) (91)
modular function x € RY such that for all A C V:
(9

|
M
o |
(o o
-
I>
b
I
|
"\
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Submodular is like Concave

— - . \ m
@ Convex 3: Frank’'s discrete separation theorem: Let f : 2¥ — IR be
i 2 . S/ — 1 — a
a submodular function and g 2V _ R be a supermodular function
such that for all A Z \
E’Jn]_-':ijl] (01)
Then there exists modular function x € &Y such that for all A C V
E-"—l'_v..-—l"l_ﬂill (92)
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Submodular is like Concave

- n . - 1 e
@ Convex 3: Frank’'s discrete separation theorem: Let f:2¥ — R be
il - . , o/ —_ - .
a submodular function and g : 2¥ — R be a supermodular function

such that for all A Z
g(A) < f(A) (91)

: ~ . ~ \/ | L = | / =
[ hen there exists modular function x € EY such that for all AC V:
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Concave or Convex?

Submodular is like Concave

@ Convex 3: Frank's discrete separation theorem: Let f : 2¥ — R be
a submodular function and g : 2¥ — R be a supermodular function
such that forall AZ V

g(A) < f(A) (91)
Then there exists modular function x € RY such that for all A C V-

x(A) < f(A) (92)
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Concave or Convex?

Submodular is like Concave

= -
- 20

page 106 / 124

]

@ Convex 4: Set of minimizers of a convex function is a co

Set of minimizers of a submodular function is a lattice

> - a0 & 1™ -' i - P f >, - T " --‘ - ey
A. B < argmin- A) then AU B € argming—, A) and
_1 T J-':%. — :r:rﬂ-- - - £ ‘_.1|
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Submodularity and Concave
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@ Concave 1: A function is submodular if for all X £ V and j.k € V

EX- 1)+ FOX +K) = (%4 j+k) +£(X) (93)

Al i . ' - Y -
@ With the gain defined as A;(X) = f(X + ) — f(X). seen 3as 3 form
z A g
of discrete gradient. this trivially becomes a second-order condition
akin to concave functions: A function is submodular if for all X C Vv

and /.K = V, weé have:

AjAF(X) <0 (94)
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F(X +J)+ f(X + k) 2 (X +j+ k) + £(X) (93)

@ With the gain defined as Aj(X) = f(X +j) — f(X), seen as a form
of discrete gradient, th nd-order condition

S A
- i LW | 7 - - g -, Ccornnr_nmnrroar -
1S Trivialty b-‘:*-u!ﬂ-‘:: a SECO [
|

U
£
i
O
—
J
)
O
AW
-
¥
[
O
-
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<
[ ]
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akin to concave functions: A function is s

AjAF(X) <0 (94)
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Submodularity and Concave

@ Concave 1: A function is submodular if forall X £ V and j.k e V
FIX+j)+ A X+ k)= H(X+j+k)+ F(X) (93)
@ With the gain defined as A;(X) = f(X +Jj) — f(X). seen as a form

of discrete gradient, this trivially becomes a second-order condition,
akin to concave functions: A function is submodular if for all X C V

and J, k € V., we have:

A;Akf(X) <0 (94)

Da~n Thorvans B I T - v s ) 0

@ Concave 2: Reca eorem 25: composition h = g:2" - K
(e, BlS) =gl (S s nondecreasing submodular. it g is
non-decreasing concave and f is nondecreasing submodulat
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Submodularity and Concave

@ Concave 1: A function is submodular if for all X
FIX+j)=f(X+k)>Ff(X+)]+k)+Ff(X) (93)

@ With the gain defined as A;(X) = f(X + ) — f(X). seen as a form
of discrete gradient, this trivially becomes a second-order condition,
akin to concave functions: A function is submodular if for all X C V

and .k £ V. we have:

Vand ke V

J']

A;Akf(X) <0 (94)

@ Concave 2: Recall. Theorem 25: composition h = 1
(i.e., h(S) = g(f(S))) is nondecreasing submodular, if

non- d&CI’EESlﬂ-’f concave and f is nondecreasmﬂ :ubmoaular

@ Concave 3: Submodular functions have superdifferent and
supergradients tight at any point

Submodularity
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Submodularity and Concave

@ Concave 1: A function is submodular if forall X T V and j.ke V
FIX+j)+f(X+k)>f(X+j+ k)+ f(X) (93)

@ With the gain defined as A;(X) = f(X + ) — f(X). seen as a form
of discrete gradient, this trivially becomes a second-order condition,
akin to concave functions: A function is submodular if for all X C V
and j,k = V. we have:

A;Af(X) <0 (94)

o Concave 2: Recall. Theorem 25: composition h=fog:2¥ - R
(i.e., h(S) = g(f(S))) is nondecreasing submodular, if g is
non-decreasing concave and f Is nondecreasing submodular

@ Concave 3: Submodular functions have superdifferentials and
supergradients tight at any point.

@ Concave 4: Concave maximization solved via local gradient ascent
Submodular maximization is (approximately) solvable via greedy

(coordinate-ascent-like) algorithms.
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Submodularity and Concave

@ Concave 1: A function is submodular if forall X T V and j.ke V
FIX+J)+ (X +k)>HX+j+ k)+ f(X) (93)

@ With the gain defined as A;(X) = f(X + ) — f(X). seen as a form
of discrete gradient, this :rw:aliv becomes a second-order condition,

.ﬂ
akin to concave functions: A function is submodular if for all X C V
and j. k £ V., we have:

A AF(X) <0 (94)

@ Concave 2: Recall. Theorem 25: composition h=f

. g
(i.e., h(S) = g(f(S))) is nondecreasing submodular, if g
non-decreasing concave and f iIs nondecreasing submodular
@ Concave 3: Submodular functions have superdifferentials and
Superrradien ts tight at any point.

@ Concave 4: Concave maximization solved vi
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Submodularity and Concave

@ Concave 1: A function is submodular if forall X T V and j.ke V

FX i)+ FOX 4 K) = F(6+ j+R) +£(X) (93)

@ With the gain defined as A;(X) = f(X +j) — f(X). seen as a form
of discrete gradient, this trivially becomes a second-order condition,
akin to concave functions: A function is submodular if for all X C V
and .k £ V. we have:

AiAF(X) <0 (94)

-
<

|

@ Concave 2: Recall. Theorem 25: composition h = 1
(i.e., h(S) = g(f(S))) is nondecreasing submodular, if
non-decreasing concave and f iIs nondecreasing submodular.

@ Concave 3: Submodular functions have superdifferentials and
supergradients tight at any point.

@ Concave 4: Concave maximization solved
Submodular maximization is (approximately) solvable via greedy
(coordinate-ascent-like) algorithms.
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Submodularity and neither Concave nor Convex

r functions have simu

@ Neither 1: Submodula
1 tight at any point.
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=
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Submodularity and neither Concave nor Convex

@ Neither 1: Subm functions have simultaneous sub- and
super-gradients, ‘:',ght at any point.

@ Neither 2: Concave functions are closed under min. wh

submodular function

LA
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Concave or Convex?
nee

Submodularity and neither Concave nor Convex

@ Neither 1: Submodular functions have simultaneous sub- and
super-gradients, tight at any point.

@ Neither 2: Concave functions are closed under min, while
submodular functions are not.

cl

-
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@ Neither 3: Convex functions

cTandials

submodular functions are not
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Submodularity and neither Concave nor Convex

@ Neither 1: Submodular functions have simultaneous sub- and
super-gradients, tight at any point.

@ Neither 2: Concave functions are closed under min. while
submodular functions are not.

@ Neither 3: Convex functions are closed under max, while
submodular functions are not.

@ Neither 4: Convex functions can't, in general, be efficiently or
approximately maximized, while submodular functions can be

Submodularity



Concave or Convex?
ARY |

Submodularity and neither Concave nor Convex

@ Neither 1: Submodular functions have simultaneous sub- and
super-gradients, tight at any point.

@ Neither 2: Concave functions are closed under min. while
submodular functions are not.

@ Neither 3: Convex functions are closed under max. while
submodular functions are not.

@ Neither 4: Convex functions can't, in general, be efficiently or
approximately maximized, while submodular functions can be.

@ Neither 5: Convex functions have local optimality conditions of the
form V, f(x) = 0. Analogous submodular function semi-gradient

e

condition m(X) = 0 offers no such guarantee (for neither

D

maximization nor minimization).
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SFM Summary (modlfled from S. lwata’'s slides)
General Submodular Function Minimization

1975) — Fujishige (1980/1991) — Bach (2012/13)
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SFM Summary (modlfled from S. lwata’s slides)
General Submodular Function Minimization

a7sy — | Fujishige (1980/1991) — Bach (2012/13)

Wolfe (1976)von Hohenbalken (1

minimum norm point \ =i nvex meinco
algorithm S —
Edmonds (1965/1970
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Ellipsoid Method
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General Submodular Function Minimization
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Constrained Submodular Minimization

P I QEEPRL, SURNI R T PN o e R
@ Constrained submodular minimization

w

min f(A) (95)

Vs b
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Constrained Submodular Minimization

@ Constrained submodular minimization
min f(A) (95)
AcC
@ C can be paths, matchings, or spanning trees (Goel et. al.), cover
constraints (lwata & Nagano), cuts (Jegelka & Bilmes), or
cardinality lower bounds (Svitkina & Fleischer).
@ Some cardinality constraints can be obtained via the min-norm
algorithm (Nagano & Kawahara, 2013).
@ Other forms of constraints are “easy”’ (e.g., certain lattices,
odd/even sets (see McCormick's SFM tutorial paper).
@ In general, many constraints make the problem NP-hard although
approximation guarantees are possible (although often hardness is
things like Q(n) or Q(n>3)).

@ Other forms of constraints: C ={AC V : g(A) > for some other
submodular function g. T his is studied for the first time here at
NIPS-2013 (see Saturday talk. lver & Bilmes. NIPS 2013

Submodularity
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Constrained Submodular Minimization

@ Constrained submodular minimization

min f(A)
AcC

(95)

@ C can be paths, matchings, or spanning trees (Goel et. al.), cover

constraints (lwata & Nagano), cuts (Jegelka & Bilmes), or
cardinality lower bounds (Svitkina & Fleischer).

@ Some cardinality constraints can be obtained via the min-norm
algorithm (Nagano & Kawahara, 2013).

@ Other forms of constraints are “easy” (e.g., certain lattices,
odd/even sets (see McCormick's SFM tutorial paper).

@ In general, many constraints make the problem NP-hard althou
approximation guarantees are possible (although often hardness |
things like $2(n) or 2(n= 7))
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Submodular Maximization: Unconstrained

@ In general, NP-hard.

he orcedyy aloarithm far moanntaneg cii f'v't_f-du Iar Mm> mii=atinn:
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A submodular function as a parameter

—— = v - ~~ 1icoaTt | - viigws 3 cithmadiilar frinctian
Cases, It ay D€ usetul to view 4 submaoduia UNCTion
\
F = B s i
T ;o - ac 2 als T -".‘*—\'\"'t ‘t—\“l‘u =Tadallal= E2AaArninog ailioariTnm
SR < as a Input parameter to a machine lea o algorithn
= =
1. Bilmes
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A submodular function as a parameter

@ In some cases, it may be useful to view a submodular function
f :2Y — R as a input “parameter” to a machine learning algorithm.

@ Hence, it is imperative in the ML community to develop ways to
learn or approximately learn such submodular parameterizations.

@ Ex: Structured sparsity-encouraging convex norm (Bach): ie., a

submodular function f, via its Lovasz extension f. gives us a norm

wlls = ;[ w|) (96)

@ So finding a desirable norm is equivalent to finding a desirable

submodular function.
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Graphical Models vs. log-supermodular distributions
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Graphical Models vs. log-supermodular distributions

o Consider family of distributions p : {0.1}" — [0.1] of the form:
. 1 . »
p(x) = = exp(f(x)) (97)
Z
@ Graphical models: f(x) = > - fo(xc) where C are a set of cliques.

@ If —f is supermodular, MAP assignment is a submodular
minimization problem. Typical example:

. 1 . _

p(x) = zexp(—f{x]—mi_.x’)] (98)
where f is submodular “energy” (often a graph-cut problem) and m
iIs modular (unaries). Common in computer vision.

@ Complexity is polynomial regardless of the tree-width of f —
submodularity is anti-graphical.

supermodular

n
o

@ Log-supermodular distributions, since log p(x

function.
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Graphical Models vs. log-supermodular distributions

o Consider family of distributions p : {0.1}¥ — [0. 1] of the form:
. 1 . o
p(x) = < exp(f(x)) (97)
Z
@ Graphical models: f(x) = > .- fo(xc) where C are a set of cliques.

@ |f —f is supermodular, MAP assignment is a submodular
minimization problem. Typical example:

p(x) = ! exp(—Ff(x)+ m(x)) (98)
Z
where f is submodular “energy” (often a graph-cut problem) and m
is modular (unaries). Common in computer vision.
@ Complexity is polynomial regardless of the tree-width of f —
submodularity Is anti-graphical
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o Consider family of distributions p : {0.1}¥ — [0. 1] of the form:
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p(x) = - exp(f(x)) (97)
@ Graphical models: f(x) = ZC%C fe(xc) where C are a set of cliques.
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minimization problem. Typical example:

1
p(x) = 7 exp(—f(x) + m(x)) (98)

where f is submodular “energy” (often a graph-cut problem) and m
iIs modular (unaries). Common in {:omputer vision.

@ Complexity
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Graphical Models vs. log-supermodular distributions

o Consider family of distributions p : {0.1}¥ — [0. 1] of the form:
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Graphical Models vs. log-supermodular distributions

o Consider family of distributions p : {0.1}¥ — [0. 1] of the form:

1

p(x) = - exp(f(x)) (97)

@ Graphical models: f(x) = > __
@ |f —f is supermodular, MAP assignment is a submodular
minimization problem. Typical example:

p(x) = %exp(—f(x) + m(x)) (98)

is submodular “energy” (often a graph-cut problem) and m

. f-(x.) where C are a set of cliques.
L

o~ =

where f
iIs modular (unaries). Common in computer vision.
@ Complexity is polynomial regardless of the tree-width of f —

submodularity I1s anti-graphi
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Graphical Models vs. log-supermodular distributions

o Consider family of distributions p : {0.1}¥ — [0. 1] of the form:
_ 1 . -
p(x) = < exp(f(x)) (97)
V4
® Graphical models: f(x) = > .- fo(xc) where C are a set of cliques.

@ |f —f is supermodular, MAP assignment is a submodular
minimization problem. Typical example:

1
p(x) = 7 exp(—f(x)+ m(x)) (98)

where f is submodular “energy” (often a graph-cut problem) and m

is modular (unaries). Common in computer vision.

@ Complexity is polynomial regardless of the tree-width of f —
submodularity is anti-graphical.

@ Log-supermodular distributions, since log p(x) is a supermodular

function.
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Graphical Models vs. log-supermodular distributions

o Consider family of distributions p : {0.1}¥ — [0. 1] of the form:

. 1 e
p(x) = EEXP(?‘(X)) (97)
@ Graphical models: f(x) = EC._:.L« fc(xc) where C are a set of cliques.

@ |f —f is supermodular, MAP assignment is a submodular
minimization problem. Typical example:

p(x) = %exp[—f(x)*m(x)] (98)

where f is submodular “energy” (often a graph-cut problem) and m

ner
is modular (unaries). Common in computer vision.
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Graphical Models vs. log-supermodular distributions

o Consider family of distributions p : {0.1}" — [0.1] of the form:
| 1 - -
p(x) = < exp(f(x)) (97)
V4
@ Graphical models: f(x) = ZC_I fe(xc) where C are a set of cliques.

@ If —f is supermodular, MAP assignment is a submodular
minimization problem. Typical example:

1
p(x) = Eexp(—f{x}—~m{_xl] (98)

where f is submodular “energy” (often a graph-cut problem) and m

is modular (unaries). Common in computer vision.

@ Complexity is polynomial regardless of the tree-width of f —
submodularity is anti-graphical.

@ Log-supermodular distributions, since log p(x) is a supermodular

function.
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Graphical Models vs. log-submodular distributions

O

xp(f(x)) (99)

®

ibmodular then p is log-submodular.

—
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Graphical Models vs. log-submodular distribut

@ On the other hand, with

p(x) = éexp(f(:{]} (99)

where f is submodular then p is log-submodular.

@ Example: f(x) = logdet(Cx) where X is

+ o A ~Aarracmmsans ~ -
tne set correspondaing to
b= NAaAry vaertTowrwr ’ = = | M i c Ti O ClIP_rmatriy . = =
pinary vector x 2., X = v | dNd C IS TNe suUbD-matrix It
V‘:'n"l'u-': Fni ,q.-;_..-;: :..:|;|'-_:'-+ — \{
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Graphical Models vs. log-submodular distributions

@ On the other hand, with
1

p(x) = fexp(f(x) ) (99)

where f is submodular then p is log-submodular.

@ Example: f(x) = logdet(Cx) where X is the set corresponding to
binary vector x (i.e., x = 1x) and C is the sub-matrix with
columns selected by X.
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@ On the other hand, with

1 o |
p(x) = fexwf(x}} (99)

where f is submodular then p is log-submodular.

@ Example: f(x) = logdet(Cx) where X is the set corresponding to
binary vector x (i.e., x = 1x) and C is the sub-matrix with
rows/columns selected by X.

@ Hence p(x) is a determinantal point process

!
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log-supermodular vs. log-submodular distributions

@ Log-supermodular: MAP or high-probable assignments should be

regjlar 10MOgeneous “smooth ‘simple c.g.. attractive
potentials in computer vision, ferromagnetic Potts model statistical
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log-supermodular vs. log-submodular distributions

@ Log-supermodular: MAP or high-probable assignments should be
“regular”, "homogeneous”, “smooth”, “simple”. E.g.., attractive
potentials in computer vision, ferromagnetic Potts model statistical

physics.

@ Log-supermodular: MAP or high-probable assignments should be
“diverse , or “complex , or “covering ', like in determinantal point
ProCesses.
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Other examples: submodular parameterization

@ Combinatorial independence, generalized entropy, and “information
or "complexity’ functions (seen above)
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log-supermodular vs. log-submodular distributions

@ Log-supermodular: MAP or high-probable assignments should be
“regular”, "homogeneous”, “smooth”, “simple”. E.g., attractive
potentials in computer vision, ferromagnetic Potts model! statistical

physics.
@ Log-supermodular: MAP or high-probable assignments should be
“diverse”, or “complex’, or covermg'_ ke in determinantal point
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Other examples: submodular parameterization

@ Combinatorial independence, generalized entropy, and “information”
or “complexity’ functions (seen above)

@ Simultaneous b
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(Guillory & Bilmes).
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Other examples: submodular parameterization

@ Combinatorial independence, generalized entropy, and “information”
or "complexity” functions (seen above).

@ Simultaneous batch active-learning/semi-supervised learning

(Guillory & Bilmes).

@ Rank-order based divergences (Submodular Bregman Divergence,
and the Lovasz-Bregman Divergences) (lyer & Bilmes, 2013).

@ Feature and dictionary selection (Krause & Guestrin, Das & Kempe)
@ Computer vision (Kolmogorov, Boykov, Kohli, Ladicky, Torr, etc.).

@ Data subset (or core set) selection in machine learning (Lin &
Bilmes, Wei & Bilmes). Data summarization, summarizing big
redundant data.

wn

@ Influence determination in social networks (Kempe, Kleinberg, &

Tardos)
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Other examples: submodular parameterization

@ Combinatorial independence, generalized entropy. and “information”
or “complexity’ functions (seen above).

@ Simultaneous batch active-learning/semi-supervised learning
(Guillory & Bilmes).

o Rank-order based divergences (Submodular Bregman Divergence,
and the Lovasz-Bregman Divergences) (lyer & Bilmes, 2013).

@ Feature and dictionary selection (Krause & Guestrin, Das & Kempe)
@ Computer vision (Kolmogorov, Boykov, Kohli, Ladicky, Torr, etc.).

@ Data subset (or core set) selection in machine learning (Lin &
Bilmes, Wei & Bilmes). Data summarization, summarizing big
redundant data.

@ Influence determination in social networks (Kempe, Kleinberg, &
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Other examples: submodular parameterization
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Other examples: submodular parameterization

@ Combinatorial independence, generalized entropy, and “information”
or “complexity’ functions (seen above).

@ Simultaneous batch active-learning/semi-supervised learning

(Guillory & Bilmes).

o Rank-order based divergences (Submodular Bregman Divergence,
and the Lovasz-Bregman Divergences) (lyer & Bilmes, 2013).

@ Feature and dictionary selection (Krause & Guestrin, Das & Kempe)
@ Computer vision (Kolmogorov, Boykov, Kohli, Ladicky, Torr, etc.).
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Other examples: submodular parameterization

@ Combinatorial independence, generalized entropy, and “information”
or "complexity” functions (seen above).

@ Simultaneous batch active-learning/semi-supervised learning

(Guillory & Bilmes).

o Rank-order based divergences (Submodular Bregman Divergence,
and the Lovasz-Bregman Divergences) (lyer & Bilmes, 2013).

o Feature and dictionary selection (Krause & Guestrin, Das & Kempe)
@ Computer vision (Kolmogorov, Boykov, Kohli, Ladicky, Torr, etc.).

@ Data subset (or core set) selection in machine learning (Lin &
Bilmes, Wei & Bilmes). Data summarization, summarizing big
redundant data.

@ Influence c
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Other examples: submodular parameterization

@ Combinatorial independence, generalized entropy, and “information”
or “complexity’ functions (seen above).

@ Simultaneous batch active-learning/semi-supervised learning

(Guillory & Bilmes).
o Rank-order based divergences (Submodular Bregman Divergence,

and the Lovasz-Bregman Divergences) (lyer & Bilmes, 2013).
@ Feature and dictionary selection (Krause & Guestrin, Das & Kempe)

@ Computer vision (Kolmogorov, Boykov, Kohli, Ladicky, Torr, etc.).
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et) selection in machine learning (Lin &
). Data summarization, summarizing big

@ Data subset (or core
Bilmes, Wei & Bilme
redundant data.
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@ Influence determination in social networks (Kempe, Kleinberg, &

Tardos)
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Other examples: submodular parameterization
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or “complexity’ functions (seen above).

@ Simultaneous batch active-learning/semi-supervised learning

(Guillory & Bilmes).

o Rank-order based divergences (Submodular Bregman Divergence,
and the Lovasz-Bregman Divergences) (lyer & Bilmes, 2013).

o Feature and dictionary selection (Krause & Guestrin, Das & Kempe)
@ Computer vision (Kolmogorov, Boykov, Kohli, Ladicky, Torr, etc.).

@ Data subset (or core set) selection in machine learning (Lin &
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@ Influence determination in social networks (Kempe, Kleinberg, &

Tardos)
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Other examples: submodular parameterization

@ Combinatorial independence, generalized entropy, and “information”
or “complexity’ functions (seen above).

@ Simultaneous batch active-learning/semi-supervised learning

(Guillory & Bilmes).

o Rank-order based divergences (Submodular Bregman Divergence,
and the Lovasz-Bregman Divergences) (lyer & Bilmes, 2013).

o Feature and dictionary selection (Krause & Guestrin, Das & Kempe)
@ Computer vision (Kolmogorov, Boykov, Kohli, Ladicky, Torr, etc.).

@ Data subset (or core set) selection in machine learning (Lin &
Bilmes, Wei & Bilmes). Data summarization, summarizing big
redundant data.

@ Influence determination in social networks (Kempe, Kleinberg, &

Tardos)
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Classic Books

@ Fujishige, “Submodular Functions and Optimization™. 2005

@ Narayanan, “Submodular Functions and Electrical Networks™, 1997
@ Welsh, “Matroid Theory”, 1975.

@ Oxley, “Matroid Theory”, 1992 (and 2011).

@ Lawler, "Combinatorial Optimization: Networks and Matroids”,
1976.

@ Schrijver, “Combinatorial Optimization”, 2003

@ Gruenbaum, “Convex Polytopes, 2nd Ed”, 2003.
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Classic References

@ Jack Edmonds's paper “Submodular Functions, Matroids, and
Certain Polyhedra” from 1970.

@ Nemhauser, Wolsey, Fisher, “A Analysis of Approximations for
Maximizing Submodular Set Functions-1", 1978

@ Lovasz's paper, “Submodular functions and convexity”. from 1983.
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@ Narayanan, “Submodular Functions and Electrical Networks™, 1997
@ Welsh, “Matroid Theory”, 1975.

@ Oxley, “Matroid Theory”, 1992 (and 2011).

@ Lawler, "Combinatorial Optimization: Networks and Matroids”,
1976.

@ Schrijver, “Combinatorial Optimization”, 2003

@ Gruenbaum, “Convex Polytopes, 2nd Ed”, 2003.
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Recent online material with an ML slant

@ My class, most proofs for above are given. http://j.ee.
washington.edu/~bilmes/classes/ee596a_fall_2012/.
Next offered, April 2014

@ Andreas Krause's web page http://submodularity.org.

@ Stefanie Jegelka and Andreas Krause's ICML 2013 tutorial
http://techtalks.tv/talks/
submodularity-in-machine-learning-new-directions—-part-i/

58125/
@ Francis Bach's updated 2013 text.
http://hal.archives—-ouvertes.fr/docs/00/87/06/09/PDF/

submodular_fot_revised_hal.pdf

@ Tom McCormick’'s overview paper on submodular minimization
http://people.commerce.ubc.ca/faculty/mccormick/
sfmchap8a.pdf

@ Georgia Tech's 2012 workshop on submodularity: http:
//www.arc.gatech.edu/events/arc-submodularity-workshop
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