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Abstract

We all are fascinated by the phenomenaof intelligent behavior, asgen-
erated both by our own brains and by the brains of other animals. As
physicists we would liketo understand if there are somegeneral principles
that govern the structure and dynamics of the neural circuits that un-
derlie these phenomena. At the molecular level there is an extraordinary
universality, but these mechanisms are surprisingly complex. This raises
the question of how the brain selectsfrom these diverse mechanisms and
adapts to compute \the right thing" in ead context. One approad is to
ask what problems the brain really solves. There are seweral examples|
from the abilit y of the visual system to count photons on a dark night to
our gestalt recognition of statistical tendenciestoward symmetry in ran-
dom patterns|jwhere the performance of the system in fact approaches
some fundamental physical or statistical limits. This suggeststhat some
sort of optimization principles may be at work, and there are examples
where these principles have beenformulated clearly and generated predic-
tions which are con rmed in new experiments; a certral theme in this work
is the matching of the coding and computational strategies of the brain
to the statistical structure of the world around us. Extension of these
principles to the problem of learning leads us into interesting theoretical
questions about how to measure the complexity of the data from which
we learn and the complexity of the models that we usein learning, as well
as opening some new opportunities for experiment. This combination of
theoretical and experimental work givesus somenew (if still speculative)
perspectives on classical problems and controversiesin cognition.

To be published in Physics of Biomolecules and Cells, H. Flyvb jerg, F. Julicher, P. Ormos,
& F. David, eds. (EDP Sciences,Les Ulis; Springer-V erlag, Berlin, 2002).
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1 Intro duction

Here in Les Houches we are surrounded by many beautiful and dramatic phe-
nomena of nature. In the last certury we have cometo understand the pow-
erful physical forcesthat shaped the landscape, creating the peaksthat reacth
thousands of metersinto the sky. As we stand and appreciate the view, other
powerful forcesalsoare at work: we are consciousof our surroundings, we parse
a rich sceneinto natural and manmade objects that have meaningful relation-
ships to one another and to us, and we learn about our ervironment so that
we can nhavigate ewven in the dark after long hours of discussionin the bar.
These aspects of intelligent behavior|a wareness,perception, learning|surely
are among the most dramatic natural phenomenathat we experiencedirectly.
As physicists our e orts to provide a predictive, mathematical description of
nature are animated by the belief that qualitativ ely striking phenomenashould
have deeptheoretical explanations. The challenge,then, is to tame the evidert
complexities of intelligent behavior and to uncover these deep principles.

Words sudh as \in telligent” perhaps are best viewed as colloquial rather
than technical: intelligent behavior refersto a class of phenomenaexhibited
by humans and by many other organisms,and membership in this classis by
agreememn amongthe participants in the conversation. There alsois a technical
meaning of \in telligence," determined by the peoplewho construct intelligence
tests. This is an areafraught with political and sociological di culties, and there
alsois someforce to Barlow's criticism that intelligence tends to be de ned as
what the tests measure]. For now let us leave the generalterm \in telligence"
as an informal one, and try to be precise about some particular aspects of
intelligent behavior.

Our rst task, then, isto choosesomesubsetof intelligent behaviors which we
can describe in quantitativ eterms. | shall have nothing to say about conscious-
ness,but for learning and perception we can go someway toward constructing
a theoretical framework within which quantitativ e experiments can be designed
and analyzed. Indeed, becauseperception constitutes our personalexperienceof
the physical world, there is a tradition of physicists being interestedin percep-
tual phenomenathat readesbad (at least) to Helmholtz, Rayleigh, Maxwell
and Ohm, and a correspndingly rich body of quartitativ e experimental work.
If we can give a quartitativ e description of the phenomenait is natural to hope
that someregularities may emerge,and that thesecould form the basisof a real
theory.

I will argue that there is indeed one very striking regularity that emerges
when we look quartitativ ely at the phenomenaof perception, and this is a
notion of optimal performance. There are well de ned limits to the reliabilit y
of our perceptions set by noise at the sensoryinput, and this noise in turn
often has fundamertal physical origins. In seweral casesthe brain approades
theselimits to reliabilit y, suggestingthat the circuitry inside the brain is doing
something like an optimal processingof the inputs or an optimal extraction of
the information relevant for its tasks. It would be very attractiv e if this notion
of optimization|whic h grows out of the data!|could be elevated to a principle,



and | will go through one examplein detail where we have tried to carry out
this program.

The di cult y with collecting evidencefor optimization is that we might be
left only with a list of unrelated examples: There is a set of tasks for which
performance is near optimal, and for ead task we have a theory of how the
brain does the task basedon optimization principles. But precisely because
the brain is not a general purpose computer, sometasks are done better than
others. What we would likeis not a list, but someprincipled view of what the
brain doeswell. Almost since Shannon'soriginal papers there has beensome
hope that information theory could provide such organizing principles, although
much of the history is meanderingrather than conclusive. | believe that in the
past seeral yearsthere has beensubstartial progresstoward realizing the old
dreams. On the one hand we now have direct experimental demonstrations
that the nervous system can adapt to the statistical structure of the sensory
world in ways that sene to optimize the e ciency of information transmission
or represemation. On the other hand, we have a new appreciation of how
information theory can be usedto assesghe relevance of sensoryinformation
and the complexity of data streams. Thesetheoretical developmerts unify ideas
that have arisenin elds as diverseas coding theory, statistics and dynamical
systems... and hold out somehope for a uni ed view of many di erent tasksin
neural computation. | am very excited by all of this, and | hopeto communicate
the reasonsfor my excitemert.

A very di erent direction is to ask about the microscopic basis for the es-
serially macroscopicphenomenaof perception and learning. In the last decade
we have seenan explosionin the experimental tools for identifying molecular
componerts of biological systems,and as these tools have been applied to the
brain this has created a whole new eld of molecular neurobiology. Indeed, the
volume of data on the molecular \parts list" of the brain is so vast that we
have to ask carefully what it is we would like to know, or more generally why
we are asking for a microscopic description. One possibility is that there is no
viable theory at a macroscopiclevel: if we want to know why we perceiwe the
world as we do, the answer might be found only in a detailed and exhaustive
investigation of what all the moleculesand cellsare doing in the relevant regions
of the brain. This is too horrible to discuss.

One very good reasonfor looking at the microscopic basis of neural com-
putation is that molecular events in the cells of the brain (neurons) provide
prototypesfor thinking about molecular everts in all cells, but with the advan-
tage that important parts of the function of neuronsinvolve electrical signals
which are wonderfully accessibleto quartitativ e measuremets. Fifty years of
work hasbrought us a nearly completelist of molecular componerts involvedin
the dynamics of neural signalling and computation, quartitativ e experimerts on
the properties of theseindividual molecules,and accurate mathematical models
of how theseindividual molecular properties combine to determine the dynam-
ics of the cell as a whole. The result is that the best characterized networks
of molecular interactions in cells are the dynamics of ion channelsin neurons.
This rm foundation puts usin a position to ask questionsabout the emerget



properties of these networks, their stability and robustness,the role of noise,
. all in experimentally accessiblesystemswhere we really know the relevant
equations of motion and even most of the relevant parameters.

A very dierent reasonfor being interested in the molecular basis of per-
ception and learning is because,as it turns out, the brain is a very peculiar
computational device. As in all of biology, there is no obvious blueprint or
wiring diagram; everything organizesitself. More profoundly, perhaps, all the
componerts are impermanen. Particularly when we think about storing what
we have learned or hope to remenber, the whole point seemsto be a seard
for permanence,yet almost every componert of the relevant hardware in the
brain will be replaced on a time scale of weeks, roughly the duration of this
lecture series. Nonethelesswe expect you to rememnber the events herein Les
Houches for a time much longer than the duration of the school. Not only is
there a problem of understanding how one storesinformation in such a dynamic
system, there is the problem of understanding how sudc a system maintains
stable function over long periods of time. Thus if the computations carried
out by a neuron are determined by the particular combination of ion channel
proteins that the cell expressesand inserts in the membrane, how doesthe cell
\know" and maintain the correct expressionlevels as proteins are constartly
replaced? Typical neurons expressof order ten di erent kinds of ion channels
at once,and it is not clear what functions are made possibleby this molecular
complexitylwhat can we do with ten types of channel that we can't do with
nine? Finally, asin many aspects of life, crucial aspects of neural computation
are carried out by surprisingly small numbers of molecules,and we shall have to
ask how the system achievesreliabilit y in the presenceof the noise assiated
with these small numbers.

The plan is to start by examining the evidencefor optimal performancein
seweral systems,and then to exploreinformation theoretic ideasthat might pro-
vide somemore unied view. Roughly speaking we will proceedfrom things
that are very much grounded in data|lwhic h is important, becausewe have
to cornvince ourselvesthat working on brains can involve experiments with the
\lo ok and feel" of good physics|to ward more abstract problems. | would hope
that some of the abstract ideas will link badk to experiment, but | am still
unclear about how to do this. Near the end of the coursel will circle back to
outline someof the issuesin understanding the microscopicbasisof neural com-
putation, and concludewith somespeculative thoughts on the \hard problems"
of understanding cognition.

Somegeneralreferenceson the optimalit y of sensoryand neural systemsare
reviews which Barlow [B] and | [§, fi] have written, as well as sections of the
book Spikes[ﬂ], which may provide a useful referencefor a variety of issuesin
the lectures. Let me warn the reader that the level of detail, both in the text
and in the references,is a bit unewen (as were the lectures, | suspect). | have,
howewer, taken the liberty of scattering some problems throughout the text.
One last caveat: | am almost pathologically un{visual in my thinking, and so
| wrote this text without gures. | think it can work, in that the essetial
ideas are summarizablein words and equations, but you really should look at



original papersto seethe data that support the theoretical claims and (more
importantly) to get a feeling for how the experiments really were done.

2 Photon counting

Sitting quietly in a dark room, we can detect the arrival of individual photons at
our retina. This obsenation hasa beautiful history, with its roots in a suggestion
by Lorentz in 1911[] Tracing through the stepsfrom photon arrival to perception
we seea sampling of the physics problems posedby biological systems,ranging
from the dynamics of single moleculesthrough ampli cation and adaptation in
biochemical reaction networks, coding and computation in neural networks, all
the way \up" to learning and cognition. For photon courting some of these
problems are solved, but even in this well studied casemany problems are open
and rip e for new theoretical and experimental work. | will try to usethe photon
courting example as a way of motivating somemore generalquestions.

Prior to Lorentz' suggestionthere wasa long history of measuringthe energy
of a light ash that just barely can be seen. There is, perhaps surprisingly, a
seriousproblem in relating this minimum energyof a visible ash to the number
of photons at the retina, largely becauseof uncertainties about scattering and
absorption in the eye itself. The compelling alternativ eis a statistical argumert,
as rst exploited by Hedht, Shlaerand Pirenne (in New York) and van der Velden
(in the Netherlands) in the early 1940s[g H:

The mean number of photons mi at the retina is proportional to the
intensity | of the ash.

With convertional light sourcesthe actual number n of photonsthat arrive
from any single ash will obey Poissonstatistics,

mn

P (njhni) = exp(h ni) ni'

1)

Supposethat we can seewhen at least K photons arrive. Then the prob-
ability of seeingis

X - -
Pgee = P (njhni): (2)
n K

We can ask an obsener whether he or she seesthe ash, and the rst
nontrivial obsenation is that seeingreally is probabilistic for dim ashes,
although this could just be uctuations in attention.

The key point is that however we measurethe intensity |, we have mi =
| , with someunknown proportionalit y constart, sothat

X
Psee(l) = P (njhni = 1 ): 3)
n K

1RevieE/\ﬂ/T on photon counting and closely related issuesinclude Refs. [E, E and Chapter
4 of Ref. [H].




If we plot Pgee vs. logl, then one can seethat the shape of the curve
depends crucially on the threshold photon count K, but changing the
unknown constart  just translates the curve along the x-axis. So we
have a chanceto measurethe threshold K without knowing (which is
hard to measure).

Hedt, Shlaer and Pirenne did exactly this and found a beautiful t to K =
5 or K = 7; subjects with dierent age had very dierent valuesfor but
similar valuesof K. This soundsgood: maybe the probabilistic nature of our
perceptionsjust re ects the physics of random photon arrivals.

Problem 1: Poisson pro cessesﬁ To understand what is going on here it would
be a good idea if you review some facts about Poisson processes.By a “process' we
mean in this casethe time seriesof discrete events corresponding to photon arrivals
or absorption. If the typical time between everts is long compared to any intrinsic
correlation times in the light source, it is plausible that ead photon arrival will be
independert of the others, and this is the de nition of a Poisson processﬂ Thus, if we
look at a very small time interval dt, the probabilit y of counting one evert will be rdt,
where r is the mean courting rate. If we court in a time window of size T, the mean
count clearly will beni = rT.

a. Derive the probability density for events at times ti;t;; ;tn; remember to
include terms for the probabilit y of not observing events at other times. Also,
the events are indistinguishable, so you needto include a combinatorial factor.
The usual derivation starts by taking discrete time bins of size dt, and then at
the end of the calculation you let dt! 0. You should nd that

1.,
P(ty;te;  ta) = mr exp( rT): @)

Note that this corresponds to an ‘ideal gas' of indistinguishable events.

b. Integrate over all the times ti;t>; ;ts in the window t 2 [0;T] to nd the
probabilit y of observing n counts. This should agree with Eqg. (ﬂ), and you
should verify the normalization. What is the relation betweenthe mean and
variance of this distribution?

An important point is that the 5to 7 photons are distributed acrossa broad
area on the retina, so that the probability of one receptor (rod) cell getting
more than one photon is very small. Thus the experiments on human behavior
suggestthat individual photoreceptor cells generatereliable responsesto single
photons. This is a lovely example of using macroscopicexperiments to draw
conclusionsabout single cells.

It took many years before anyone could measuredirectly the responsesof
photoreceptorsto single photons. It was done rst in the (invertebrate) horse-
sheoe crab, and evertually by Baylor and coworkers in toads [@] and then in

2Many of you have seenthis before, so this is just a refresher. For the rest, you might
look at App endices 4 and 5 in Spikes which give a fairly detailed step{b y{ste p discussion of
Poisson pro cessedp].

3There is also the interesting fact that certain light sourceswill generate Poisson photon
counting distributions no matter how frequently the photons arriv e: recall that for a har-
monic oscillator in a coherent state (as for the eld oscillations in an ideal single mode laser),
measurements of the number of quanta yield a Poisson distribution, exactly.



monkeys [@]. The complication in the lower vertebrate systemsis that the cells
are coupledtogether, sothat the retina can do somethinglik e adjusting the size
of pixels as a function of light intensity. This meansthat the nice big current
generated by one cell is spread as a small voltage in many cells, so the usual
method of measuringthe voltage acrossthe membrane of one cell won't work;
you have to sud the cell into a pipette and collect the current, which is what
Baylor et al. managedto do. Single photon responsesobsened in this way are
about a picoampin amplitude vs. a contin uousbackground noiseof 0.1 pA rms,
sotheseare easily detected.

A slight problem is that van der Veldenfound K = 2, far fromthe K =5 7
found by Hedt, Shlaer and Pirenne. Barlow explained this discrepancy by
noting that ewven when courting single photons we may have to discriminate
(as in photomultipliers) against a background of dark noise [@]. Hedt, Shlaer
and Pirenne inserted blanks in their experiments to be surethat you never say
\I saw it" when nothing is there [that is, Psee(I = 0) = 0], which meansyou
have to set a high threshold to discriminate against the noise. On the other
hand, van der Velden was willing to allow for some false positive responses,
so his subjects could a ord to set a lower threshold. Qualitativ ely this makes
sensebut to be a quartitativ e explanation the noisehasto be at the right level.
Barlow reasonedthat one sourceof noisewasif the pigment moleculerhodopsin
spontaneously (as a result of thermal uctuations) makesthe transitions that
normally are triggered by a photon; of coursethese random evens would be
indistinguishable from photon arrivals. He found that ewverything works if this
spontaneous evert rate is equivalert to roughly 1 event per 1000 years per
molecule: there are a billion moleculesin one rod cell, which gets us to one
evert per minute per cell (roughly) and when we integrate over hundreds of
cells for hundreds of millisecondswe nd a mean evert count of 10, which

eansthat to be sure we seesomethingwe will have to count many more than
10 extra ewerts, correspnding to what Hedt, Shlaer and Pirenne found in
their highly reliable obseners.

One of the key points hereis that Barlow's explanation only works if people
actually can adjust the \threshold" K in responseto di erent situations. The
realization that this is possiblewas part of the more general recognition that
detecting a sensorysignal doesnot involve a true threshold between (for exam-
ple) seeingand not seeing[@]. Instead we should imagine thatjas when we
try to measuresomethingin a physics experimentjall sensorytasks involve a
discrimination betweensignal and noise,and hencethere are di erent strategies
which provide di erent ways of trading o among the di erent kinds of errors.

Suppose,for example,that you getto obsene x which could be drawn either
from the probability distribution P. (x) or from the distribution P (x); your
job is to tell me whether it was+ or . Note that the distribution could be
controlled completely by the experimenter (if you play loud but random noise
sounds,for example) or the distribution could be a model of noisegeneratedin
the receptor elemerts or evendeepin the brain. At leastfor simple forms of the
distributions P (x), we can make a decision about how to assigna particular
value of x by simply setting a threshold ;if x > we say that x camefrom the



+ distribution, and corversely How should we set ? Let's try to maximize the
probabilit y that we get the right answer. If x is chosenfrom + with probability
P (+), and similarly for , then the probability that our threshold rule getsthe
correct answer is
Z, z
Peorrect () = P(#) dxP. (x)+ P( ) L dxP  (x): (5)

To maximize Pgorrect ( ) We di erentiate with respect to and set this equal to
zero:

chogeCt ( ) - 0 (6)

) P(H)P.() PCIP () @)

In particular if P(+) = P( ) = 1=2, we set the threshold at the point where
P.() = P (); another way of saying this is that we assignead x to the
probabilit y distribution that hasthe larger density at x|\maxim umlikelihood."
Notice that if the probabilities of the di erent signals+ and change,then the
optimal setting of the threshold changes.

Problem 2: More careful discrimination. Assume as before that x is chosen
either from P. (x) or from P (x). Rather than just setting a threshold, consider the
possibility that when you seex you assignit to the + distribution with a probability
f (x).
a. Express the probability of a correct answer in terms of f (x), generalizing Eq.
(E); this is a functional Pcorrect [f (X)]-

b. Solve the optimization problem for the function f (x); that is, solve the equation
Pcorrect [f (X)] -

f(x)
Show that the solution is deterministic [f (x) = 1 or f (x) = 0], sothat if the

goal is to be correct as often as possible you shouldn't hesitate to make a crisp
assignmen even at values of x where you aren't sure (!).

0: (8)

c. Considerthe casewhereP (x) are Gaussiandistributions with the samevariance
but di eren t means. Evaluate the minim um error probabilit y (formally) and give
asymptotic results for large and small di erences in mean. How large do we need
to make this “signal' to be guaranteed only 1% errors?

d. Generalize these results to multidimensional Gaussian distributions, and give
a geometrical picture of the assignmen rule. This problem is easiestif the
di erent Gaussian variables are independert and have equal variances. What
happensin the more general caseof arbitrary covariance matrices?

There are classicexperimerts to show that peoplewill adjust their thresh-
olds automatically when we change the a priori probabilities, as expected for
optimal performance. This can be done without any explicit instructions]y ou
don't have to tell someonethat you are changing the value of P (+). At least
implicitly , then, people learn something about probabilities and adjust their



assignmern criteria appropriately. As we will discusslater in the course,there
are other ways of shawing that people(and other animals) can learn something
about probabilities and usethis knowledgeto changetheir behavior in sensible
ways. Threshold adjustments also can be driven by changing the rewards for
correct answersor the penaltiesfor wrong answers. In this view, it is likely that

Hedht et al. drove their obsenersto high thresholds by having a large e ective
penalty for false positive detections. Although it's not a huge literature, people
have since manipulated these penalties and rewards in HSP{style experimerts,

with the expected results. Perhaps more dramatically, modern quantum optics
techniques have beenusedto manipulate the statistics of photon arrivals at the
retina, sothat the tradeo s amongthe dierent kinds of errors are changed...

again with the expected results [@

Not only did Baylor and coworkers detect the single photon responsesfrom
toad photoreceptor cells, they also found that single receptor cellsin the dark
show spontaneous photon{lik e events at just the right rate to be the source
of dark noiseidentied by Barlow [E]! Just to be clear, Barlow identied a
maximum dark noise level; anything higher and the obsened reliable detection
is impossible. The fact that the real rod cells have essetially this level of dark
noise meansthat the visual systemis operating near the limits of reliabilit y set
by thermal noisein the input. It would be nice, howewer, to make a more direct
test of this idea.

In the lab we often lower the noiselevel of photodetectors by cooling them.
This isn't soeasyin humans, but it doeswork with cold blooded animals like
frogs and toads. So,Aho et al. [E] cornvinced toads to strike with their tongues
at small worm{lik e objects illuminated by dim ashes of light, and measured
how the threshold for reliable striking varied with temperature. It's important
that the prediction is for more reliable behavior asyou cool down|all the way
down to the temperature where behavior stops|and this is what Aho et al.
obsened. Happily, Baylor et al. also measuredthe temperature dependenceof
the noisein the detector cells. The match of behavioral and cellular noiselevels
vs. temperature is perfect, strong evidencethat visual processingin dim lights
really is limited by input noiseand not by any ine ciencies of the brain.

Problem 3: Should you absorb all the photons? Consider a rod photoreceptor
cell of length °, with concertration C of rhodopsin; let the absorption cross section
of rhodopsin be . The probabilit y that a single photon incident on the rod will be
counted isthen p= 1 exp( C ), suggestingthat we should make C or ° larger in
order to capture more of the photons. On the other hand, as we increasethe number
of Rhodopsin molecules(CA", with A the area of the cell) we also increasethe rate of
dark noise events. Show that the signal{to{noise ratio for detecting a small nhumber
of incident photons is maximized at a nontrivial value of C or *, and calculate the
capture probability p at this optimum. Do you nd it strange that the best thing to
do is to let someof the photons go by without counting them? Can you seeany way
to design an eye which gets around this argument? Hint: Think about what you see
looking into a cat's eyesat night.

Theseobsenations on the abilit y of the visual systemto count singlephotons|
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down to the limit set by thermal noisein rhodopsin itselflraise questions at
seweral di erent levels:

At the level of single molecules,there are many interesting physics prob-
lemsin the dynamics of rhodopsin itself.

At the level of single cells, there are challengesin understanding how a
network of biochemical reactions converts individual molecular everts into
macroscopicelectrical currents acrossthe rod cell membrane.

At the level of the retina asa whole, we would liketo understand the rules
wherely these signals are encaled into the stereotyped pulseswhich are
the universallanguageof the brain.

At the level of the whole organism, there are issuesabout how the brain
learnsto make the discriminations which are required for optimal perfor-
mance.

Let's look at thesequestionsin order. The goal hereis more to provide pointers
to interesting and exemplary issuesthan to provide answers.

At the level of single molecule dynamics, our ability to seein the dark ulti-
mately is limited by the properties of rhodopsin (becauseeverything elseworks
so well!). Rhodopsin consists of a medium{sized organic pigmert, retinal, en-
veloped by a large protein, opsin;the photo{induced reaction is isomerization of
the retinal, which ultimately couplesto structural changesin the protein. One
obvious function of the protein is to tune the absorption spectrum of retinal so
that the same organic pigment can work at the core of the moleculesin rods
and in all three dierent cones,providing the basis for color vision. Retinal
has a spontaneousisomerization rate of ~ 1/yr, 1000times that of rhodopsin,
so clearly the protein acts to lower the dark noise level. This is not so di -
cult to understand, since one can imagine how a big protein literally could get
in the way of the smaller molecule's motion and raise the barrier for thermal
isomerization. Although this soundsplausible, it's probably wrong: the activa-
tion enemgies for thermal isomerization in retinal and in rhodopsin are almost
the same. Thus one either must believe that the di erence is in an entropic
contribution to the barrier height or in dynamical terms which determine the
prefactor of the transition rate. | don't think the correct answer is known.

On the other hand, the photo{induced isomerization rate of retinal is only

10°s !, which is slow enough that uorescence competes with the struc-
tural changeﬂ Now uorescenceis a disaster for visual pigmert|not only don't
you get to court the photon where it was absorbed, but it might get counted
somewhereelse, blurring the image. In fact rhodopsin doesnot uoresce: the
quarntum yield or branching ratio for uorescenceis 10 °, which meansthat
the moleculeis changing its structure and escapingthe immediate excited state

4Recall from quantum mechanics that the spontaneous emission rates from electronic ex-
cited states are constrained by sum rules if they are dip ole{allo wed. This meansthat emission
lifetimes for visible photons are order 1 nanosecond for almost all of the simple cases... .
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in tens of femtoseconds[@]. Indeed, for years every time people built faster
pulsed lasers,they went bad to rhodopsin to look at the initial everts, culmi-
nating in the direct demonstration of femtosecondisomerization [@], making
this one of the fastest molecular everts ever obsened.

The combination of faster photon induced isomerization and slower thermal
isomerization meansthat the protein opsin acts as an electronic state selective
catalyst: ground state reactions are inhibited, excited state reactions acceler-
ated, each by orders of magnitude. It is fair to say that if thesestate dependert
changesin reaction rate did not occur (that is, if the properties of rhodopsin
were those of retinal) we simply could not seein the dark.

Our usual picture of moleculesand their transitions comesfrom chemical
kinetics: there are reaction rates, which represen the probability per unit time
for the moleculeto make transitions among states which are distinguishable by
somelarge scalerearrangemen; thesetransitions are cleanly separatedfrom the
time scalesfor moleculesto cometo equilibrium in ead state, so we describe
chemical reactions (especially in condensedphases)as depending on tempera-
ture not on energy The initial isomerization evert in rhodopsin is so fast that
this approximation certainly breaks down. More profoundly, the time scale of
the isomerization is so fast that it competes with the processeshat destroy
guantum medanical coherenceamong the relevant electronic and vibrational
states[[Ld]. The whole notion of an irreversible transition from one state to an-
other necessitateghe lossof coherencebetweenthesestates(recall Screodinger's
cat), and so in this sensethe isomerization is proceeding as rapidly as possi-
ble. I don't think we really understand, even qualitativ ely, the physics hereﬂ If
rhodopsin were the only example of this “almost coheren chemistry' that would
be good enough, but in fact the other large classof photon induced everts in
biological systems|photosyn thesis|also proceedsorapidly asto compete with
loss of coherence,and the crucial everts again seemto happen (if you pardon
the partisanship) while everything is still in the domain of physicsand not con-
vertional chemistry [@, @]. Why biology pushesto these extremesis a good
guestion. How it managesto do all this with big oppy moleculesin water at
roughly room temperature alsois a great question.

At the level of single cells, the biochemical circuitry of the rod takes one
molecule of activated rhodopsin and turns this into a macroscopicresponse.

5That's not to say people aren't trying; the theoretical literature also is huge, with much
of it (understanda bly) focused on how the protein inuences the absorption spectra of the
chromophore. The dynamical problems are less well studied, although again there is a fairly
large pile of relevant papersin the quantum chemistry literature (which | personally nd very
dicult to read). In the late 1970 and early 1980s, physicists got interested in the electronic
prop erties of conjugated polymers becauseof the work by Heeger and others showing that
these quasi{1D materials could be doped to make good conductor s. Many people must have
realized that the dynamical models being used by condensed matter physicists for (ideally)
in nite chains might also have something to say about nite chains, but again this was largely
the domain of chemists who had a rather dieren t point of view. Kiv elson and | tried to see
if we could make the bridge from the physicists' models to the dynamics of rhodopsin, which
was very ambitious and never quite nished; there remains a rather inaccessible conference
pro ceeding outlining some of the ideas . Our _point of view was rediscovered and developed
by Aalb erts and coworkers a decade later [E, d
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Brie y , the activated rhodopsinis a catalyst that activatesmany other molecules,
which in turn act as catalysts and so on. Finally there is a catalyst (enzyme)
that eats cyclic GMP, but cGMP binds to and opensionic channelsin the cell
membrane. Sowhenthe cGMP concerration falls, channelsclose,and the elec-
trical current owing into the cell is reducedﬁ The gain of this system must
be large|man y moleculesof cGMP are broken down for ead single activated
rhodopsin|but gain isn't the whole story. First, most modelsfor such a chem-
ical cascadewould predict large uctuations in the number of moleculesat the
output sincethe lifetime of the active state of the single active rhodopsin uctu-
ateswildly (again, in the simplest models) []Z E]. Second,asthe lights gradually
turn on one hasto regulate the gain, or elsethe cell will be overwhelmedby the
accumnulation of a large constart signal;in fact, evertually all the channelsclose
and the cell can't respond at all. Third, since various intermediate chemicals
are presert in nite concenration, there is a problem of making sure that sig-
nals rise above the uctuations in theseconcertrations|presumably  while not
expending to much energytoo makevast excessesf anything. To adchievethe re-
quired combination of gain, reliabilit y, and adaptation almost certainly requires
a network with feedba&. The quartitativ e and even qualitativ e properties of
such networks depend on the concertration of various protein componerts, yet
the cell probably cannot rely on precisesettings for theseconcernrations, sothis
robustnesscreatesyet another problem.ﬂ

Again if photon courting werethe only exampleall of this it might be inter-
esting enough, but in fact there are many cells which build single molecule
detectors of this sort, facing all the same problems. The dierent systems
use molecular componerts that are su cien tly similar that one can recognize
the homologiesat the level of the DNA sequenceswhich code for the relevant
proteins|so much so,in fact, that onecan go searting for unknown molecules
by seekingout these homologies. This rough universality of tasks and com-
ponerts cries out for a more principled view of how suc networks work (see,
for example, Ref. [@]); photon courting is such an attractiv e example because
there is an easily measurableelectrical output and becausehere are many tricks
for manipulating the network componerts (see,for example, Ref. [@).

At the level of the retina as a whole, the output which gets transmitted to
the brain is not a cortinuous voltage or current indicating (for example) the
light intensity or photon courting rate; instead signalsare encaded as sequences
of discrete identical pulsescalled action potentials or spikes. Signalsfrom the
photodetector cells are sert from the eye to the brain (after someinteresting
processingwithin the retina itself ... ) along 10° cables|nerv e cell ‘axons'|
that form the optic nerve. Roughly the same number of cablescarry signals
from the sensorsin our skin, for example, while eat ear sends 40; 000 axons
into the certral nervous system. It is very likely that our vision in the photon
courting regime is triggered by the occurrenceof just a few extra spikesalong

6Actually we can go back to the level of single molecules and ask questions about the
“design’' of these rather special channels ... .

“If the cell does regulate molecule counts very accurately, one problem could be solved,
but then you have to explain the mechanism of regulation.
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at most a few optic nerve axons[E, @] For the touch receptorsin our ngertips
there is direct evidencethat our perceptionscan be correlated with the presence
or absenceof a single action potential along oneout of the million input cables
. To go beyond simple detection we have to understand how the complex,
dynamic signals of the sensoryworld can be represeted in these seemingly
sparsepulse trains [E].

Finally, the problem of photon courtinglor any simple detection task|
hides a deeper question: how doesthe brain \know" what it needsto do in any
giventask? Even in our simple example of setting a threshold to maximize the
probability of a correct answer, the optimal obsener must at least implicitly
acquire knowledge of the relevant probability distributions. Along theselines,
there is more to the “toad cooling' experimert than a test of photon courting
and dark noise. The retina hasadaptive mecanismsthat allow the responseto
speed up at higher levels of background light, in e ect integrating for shorter
times when we can be sure that the signal to noiseratio will be high. The ip
side of this medanism is that the retinal response slows down dramatically in
the dark. In moderate darkness(dusk or bright moonlight) Aho et al. found
that the slowing of the retinal response is re ected directly in a slowing of
the animal's behavior [E]: it is as if the toad experiencesan illusion because
imagesof its target are delayed, and it strikesat the delayed imageﬂ But if this
continued down to the light levelsin the darkest night, it would be a disaster,
sincethe delay would meanthat the toad inevitably strikesbehind the target!
In fact, the toad doesnot strike at all in the rst few trials of the experiment
in dim light, and then strikes well within the target. It is hard to esca the
conclusionthat the animal is learning about the typical velocity of the target
and then using this knowledge to extrapolate and thereby correct for retinal
delaysﬂ Thus, performancein the limit where we count photons involves not
only ecient processingof these small signals but also learning as much as
possibleabout the world sothat these small signalsbecomeinterpretable.

We take for granted that life operateswithin boundaries set by physics|
there are no vital forceslﬂ What is striking about the exampleof photon count-

8We seethis illusion too. Watch a pendulum swinging while wearing glassesthat have a
neutral density Iter over one eye, sothe mean light intensity in the two eyesis dieren t. The
dimmer light results in a slower retina, so the signals from the two eyesare not synchronous.
As we try to interpret these signals in terms of motion, we nd that even if the pendulum is
swinging in a plane parallel to the line between our eyes, what we seeis motion in 3D. The
magnitude of the apparent depth of oscillation is related to the neutral density and hence to
the slowing of signals in the “darker' retina.

9As far as | know there are no further experiments that prob e this learning more directly ,
e.g. by having the target move at variable velocities.

10 casual acceptance of this statement of course re ects a hard fought battle that stretc hed
from debates about conservation of energy in  1850to the discovery of the DNA structure in

1950. If you listen carefully , some people who talk about the mysteries of the brain and mind
still come dangerously close to a vitalist position, and the fact that we can't really explain
how such complex structures evolved leavesroom for wriggling, some of which makesit into
the popular press. Note also that, as late as 1965, Watson was compelled to have a section
heading in Molecular Biology of the Gene which reads \Cells obey the laws of physics and
chemistry ." Interestingl y, this contin uesto appear in later editions.
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ing is that in this caselife operatesat the limit: you can't count half a photon,

your courting can't be any more reliable than allowed by thermal noise,chem-
ical reactions can't happen faster than loss of quantum coherence,and so on.

Could this be a general principle? Is it possiblethat, at least for crucial func-

tions which have beensubjected to eonsof ewlutionary pressure,all biological

systemshave found solutions which are optimal or extremal in this physicist's

sense?lf so,we have the start of a real program to describe thesesystemsusing
variational principles to pick out optimal functions, and then sharp questions
about how realistic dynamical models can implemert this optimization. Even
if the real systemsaren't optimal, the exerciseof understanding what the opti-

mal system might look like will help guide us in searting for new phenomena
and maybe in understanding somepuzzling old phenomena.We'll start on this

project in the next lecture.

3 Optimal performance at more complex tasks

Photon courting is pretty simple, soit might be a good idea to look at more
complex tasks and seeif any notion of optimal performancestill makes sense.
The most dramatic exampleis from bat etolocation, in a seriesof experimerts
by Simmons and colleaguesculminating in the demonstration that bats can
discriminate reliably among ecoesthat dier by just 10 50 nanocsecondsin

delay [@]. In theseexperimerts, bats stand at the baseof aY with loudspeakers
on the two arms. Their ultrasonic calls are monitored by microphones and
returned through the loudspeakers with programmable delays. In a typical

experimert, the “arti cial edoes' produced by one side of the Y are at a xed

delay , while the other side alternately producesdelays of . The bat is
trained to take a step toward the side which alternates, and the questionis how
small we canmake  and still have the bat make reliable decisions.

Early experiments from Simmonsand covorkerssuggestedhat delays di er-
encesof 1 secweredetectable, and perhapsmore surprisingly that delays
of 35 secwere lessdetectable. The latter result might make senseif the
bat were trying to measuredelays by matching the detailed waveforms of the
call and edo, sincethese soundshave most of their power at frequenciesnear
f  1=(35 seqd|the bat canbe confusedby delay di erences which correspnd
to an integer number of periods in the acoustic waveform, and one can even see
the n = 2 “confusionresonance'if oneis careful.

The problem with these results on delay discrimination in the 1 50 sec
rangeis not that they are too precisebut that they are not preciseenough. One
can measurethe badkground acoustic noiselevel (or add noise so that the level
is cortrolled) and given this noise level a detector which looks at the detailed
acoustic waveform and integrates over the whole call should be able to estimate
arrival times much more accurately than 1 se¢. Detailed calculations shov
that the smallest detectable delay di erences should be tens of nanoseconds.|
think this was viewed as so obviously absurd that it was grounds for throwing
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out the whole idea that the bat usesdetailed waveform information. ! In an

absolutely stunning dewelopmert, however, Simmons and compary went back

to their experimerts, produced delays in the appropriate rangejcon vincing

yourselfthat you have cortrol of acousticand electronic delays with nanosecond
precisionis not sosimple|land found that the bats could do what they should be
ableto do asideal detectors. Further, they added noisein the badground of the

edoes and shaved that performanceof the bats tracked the ideal performance
over a range of noiselevels.

Problem 4: Head movements and delay accuracy . Just to be sure you under-
stand the scaleof things ... . When bats are asked to make \ordinary" discriminations
in the Y apparatus, they move their head from arm to arm with ead call. How accu-
rately would they have to reposition their head to be sure that the secondecdo from
one arm is not shifted by more than 1 sec? By more than 10nsec? Explain the
behavioral strategy that bats could useto avoid this problem. Can you position (for
example) your hand with anything like the precision that the bat needsfor its head
in these experiments?

Returning to vision, part of the problem with photon courting is that it
almost seemsinappropriate to dignify sud a simple task asdetecting a ash of
light with the name\p erception." Barlow and colleagueshave studied a variety
of problemsthat seemricher, in somecasesreading into the psydology litera-
ture for examplesof gestalt phenomenalwhere our perception is of the whole
rather than its parts [@]. One sudc exampleis the recognition of symmetry in
otherwise random patterns. Supposethat we want to make a random texture
pattern. One way to do this is to draw the cortrast C(x) at ead point % in the
image from somesimple probabilit y distribution that we can write down. An
exampleis to make a Gaussianrandom texture, which correspnds to

z z
P[C(x)]/ exp % d’x  dxCEOK (x  x9C(xY ; (9)

where K (x  xY is the kernel or propagator that descrite the texture. By
writing K asa function of the di erence betweencoordinates we guarantee that
the texture is homogeneous;if we want the texture to be isotropic we take
K x9=K(@(x xY). Using this scheme, how do we make a texture with
symmetry, say with respect to re ection acrossan axis?

The statemert that texture hassymmetry acrossan an axis is that for eah
point x we can nd the correspnding re ected point R %, and that the con-
trasts at thesetwo points are very similar; this should be true for every point.
This can be accomplishedby choosing

1 Z Z
PI[Cx®)] / exp > d>x  dxTCE)K (x  x9C(x9
11The alternativ e is that the bat bases delay estimates on the envelope of the returning
echo, so that one is dealing with structures on the millisecond time scale, seemingly much
better matched to the intrinsic time scales of neurons.
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4
+ d®xjC(x) C(R %)j? ; (10)

where measuresthe strength of the tendency toward symmetry. Clearly as

I 1 we have an exactly symmetric pattern, quending half of the degrees
of freedomin the original random texture. On the other hand, as ! 0, the
weakly symmetric textures drawn from P becomealmost indistinguishable from
a pure random texture ( = 0). Givenimagesof a certain size,and a known
kernel K, there is a limit to the smallest value of that can be distinguished
reliably from zero, and we can comparethis statistical limit to the performance
of human obseners. This is more or lesswhat Barlow did, although he used
blurred random dots rather than the Gaussiantextures consideredhere; the
idea is the same (and must be formally the samein the limit of many dots).
The result is that human obseners comewithin a factor of two of the statistical
limit for detecting or its analogin the random dot patterns.

One can use similar sorts of visual stimuli to think about motion, where
rather than having to recognizea match betweentwo halvesof a possibly sym-
metric image we have to match successig framesof a movie. Here again human
obseners can approad the statistical limits [@], aslong aswe stay in the right
regime: we seemnot to make use of ne dot positioning (as would be gener-
ated if the kernel K only contained low order derivatives) nor can we integrate
e cien tly over many frames. These results are interesting becausethey showv
the potentialities and limitations of optimal visual computation, but also be-
causethe discrimination of motion in random moviesis one of the placeswhere
people have tried to make closelinks between perception and neural activit y
in the (monkey) cortex [@]. In addition to symmetry and motion, other ex-
amples of optimal or near optimal performance include other visual texture
discriminations and auditory identi cation of complex pitchesin the auditory
system; even bacteria can approach the limits set by physical noise sourcesas
they detect and react to chemical gradients, and there is a speciesof French
cave beetlethat can sensemilliKelvin temperature changes,almost at the limit
set by thermodynamic temperature uctuations in their sensors.

| would like to discussone casein detail, becauseit shovs how much we
can learn by stepping badk and looking for a simple example(in proper physics
tradition). Indeed,| believethat oneof the crucial things onemust do in working
at the interface of physics and biology is to take some particular biological
systemand diveinto the details. However much we believe in generalprinciples,
we haveto confront particular cases.In thinking about brains it would be niceto
have some\simple system" that we can explore, although one must admit that
the notion of a simple brain seemsalmost a non{sequitur. Humanstend to be
interested in the brains of other humans, but as physicists we know that we are
not at the certer of the universe,and we might worry that excessie attention
to our own brains re ects a sort of preCopernican prejudice. It behoovesus,
then, to look around the animal kingdom for accessibleexamplesof what we
hope are general phenomena. For a variety of reasons,our attention is drawn
to invertebrates|animals without badkbones|and to insectsin particular.
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First, most of the animals on earth are insects, or, more precisely arthro-
pods. Second,the nervous systemof a typical invertebrate hasfar fewer neurons
than found in a mammal or even a “lower vertebrate' such asa sh or frog. The
y's ertire visual brain hasroughly 5 10° cells, while just the primary visual
cortex of a monkey has  10°. Third, many of the cells in the invertebrate
nervous system are identi e d: cells of essetially the samestructure occur in
every individual, and that if one recordsthe response of these cells to sensory
stimuli (for example) theseresponsesare reproducible from individual to indi-
vidual.[q Thus the cells can be named and numbered basedon their structure
or function in the neural circuit.E Finally, the overall physiology of inverte-
brates allows for very long, stable recordings of the electrical activity of their
neurons. In short, experiments on invertebrate nervous systemslook and feel
like the physics experiments with which we all grew up|stable sampleswith
guantitativ ely reproducible behavior.

Of coursewhat | give here is meart to sound like a rational account of
why one might choosethe y asa model system. In fact my own choice was
driven by the good fortune of nding myself as a postdoc in Groningen some
years ago, where in the next o ce Rob de Ruyter van Stevenindk was work-
ing on his thesis. When Rob showved me the kinds of experiments he could
dojrecording from a single neuron for a week, or from photoreceptor cells all
afternoon|w e both realizedthat this wasa goldenopportunity to bring theory
and experiment together in studying a variety of problemsin neural coding and
computation. Since this is a scool, and hencethe lectures have in part the
avor of advice to studers, | should point out that (1) the whole processof
theory/exp erimert collaboration was made easierby the fact that Rob himself
is a physicist, and indeed the Dutch werethen far aheadof the rest of the world
in bringing biophysicsinto physicsdepartmernts, but (2) despite all the positive
factors, including the fact that aspostdoc and studert we had little elseto do, it
still took months for usto formulate a reasonablerst stepin our collaboration.
| admit that it is only after having somesuccessvith Rob that | have have had
the courageto venture into collaborations with real biologists.

What do ies actually do with their visual brains? If you watch a y ying
around in a room or outdoors, you will notice that ight paths tend to consist
of rather straight segmets interrupted by sharp turns. These obsenations can
be quantied through the measuremen of trajectories during free [, @] or
lightly tethered [@, @] ight and in experimens where the y is suspended
from a torsion balance [@]. Given the aeradynamics for an object of the y's
dimensions,even ying straight is tricky. In the torsion balanceone can demon-

12This should not be taken to mean that the prop erties of neurons in the y's brain are
xed by genetics, or that all individuals in the species are identical. Indeed, we will come
to the question of individualit y vs. universality in what follows. What is important here is
that neural responsesare su cien tly reproducible that one can speak meaningfully about the
prop erties of corresponding cells in di eren t individuals.

131f you want to know more about the structure of a y's brain, there is a beautiful book by
Strausfeld [BY], but this is very hard to nd._ An alternativ eis the online ybrain project that
Strausfeld and others have beenbuilding . Another good general referenceis the collection
of articles edited by Stavenga and Hardie [B7].
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strate directly that motion acrossthe visual eld drivesthe generationof torque,
and the sign is suct asto stabilize ight against rigid body rotation of the y.
Indeed one can closethe feedba& loop by measuringthe torque which the y
producesand using this torque to (counter)rotate the visual stimulus, creating
an imperfect " igh t simulator' for the y in which the only cuesto guide the
igh t are visual; under natural conditions the y's mecdanical sensorsplay a
crucial role. Despite the imperfections of the ight simulator, the tethered y
will xate small objects, thereby stabilizing the appearanceof straight igh t.
Similarly, Land and Collett showved that aspects of ight behavior under free
igh t conditions can be understood if ies generatetorquesin responseto mo-
tion acrossthe visual eld, and that this responseis remarkably fast, with a
latency of just 30 msec. The combination of free igh t and torsion bal-
anceexperiments strongly suggestgshat ies can estimate their angular velocity
from visual input alone, and then produce motor outputs basedon this estimate
[#3.

When you look down on the head of a y, you see|almost to the exclusion
of anything else|the large compound eyes. Each little hexagonthat you see
on the y's headis a separatelens, and in large ies there are 5;000 lenses
in eat eye, with approximately 1 receptor cell behind eath Iensﬂ and roughly
100 brain cells per lens dewted to the processingof visual information. The
lens focuseslight on the receptor, which is small enoughto act as an optical
waveguide. Each receptor seesonly a small portion of the world, just as in
our eyes; one di erence between ies and us is that diraction is much more
signi cant for organismswith compound eyes|b ecausethe lensesare sosmall,
ies have an angular resolution of about 1 , while we do about 100 better.
There is a beautiful literature on optimization principles for the design of the
compound eye; the topic even makesan appearancein the Feynman lectures.

Voltage signalsfrom the receptor cells are processedoy se\eral layers of the
brain, ead layer having cells organized on a lattice which parallels the lattice
of lensesvisible from the outside of the y. After passingthrough the lamina,
the medulla, and the lobula, signalsarrive at the lobula plate. Here there is a
stack of about 50 cells which are are sensitive to motion [4 Bg. The cells all
are identi ed in the sensede ned above, and are specializedto detect di erent
kinds of motion. If onekills individual cellsin the lobula plate then the simple
experimert of moving a stimulus and recordingthe igh t torque no longerworks
[@], strongly suggestingthat these cells are an obligatory link in the pathway
from the retina to the igh t motor. If onelets the y watch a randomly moving
pattern, then it is possibleto \decode" the responsesof the movemert sensitive

14This is the sort of sloppy physics speak which annoys biologists. The precise statement is
dieren t in dieren t insects. For ies there are eight receptors behind each lens. Two provide
sensitivit y to polarization and some color vision, but these are not used for motion sensing.
The other six receptors look out through the same lens in dieren t directions, but as one
moves to neighboring lenses one nds that there is one cell under each of six neighboring
lenseswhich looks in the same direction. Thus these six cells are equivalent to one cell with
six times larger photon capture cross section, and the signals from these cells are collected
and summed in the rst processingstage (the lamina). One can even seethe expected six fold
impro vement in signal to noise ratio [#3].

19



neurons and to reconstruct the time dependent angular velocity signal [@] as
will be discussedbelow. Taken together, these obsenations support a picture
in which the y's brain usesphotoreceptor signalsto estimate angular velocity,
and encales this estimate in the activity of a few neuronsEl Further, we can
study the photoreceptor signals (and noise) as well as the responsesof motion{

sensitive neuronswith a precisionalmost unmatchedin any other set of neurons:
thus we have a good idea of what the systemis \trying" to do, and we have
tremendousaccesso both inputs and outputs. I'll try to make seweral points:

Sequenceof a few action spikes from the H1 neuron allow for discrimi-
nation among di erent motions with a precision closeto the limit set by
noisein the photodetector array.

With contin uous motion, the spike train of H1 can be decaded to recover
a running estimate of the motion signal, and the precision of this estimate
is again within a factor of two of the theoretical limit.

Analogies betweenthe formal problem of optimal estimation and statisti-
cal physicshelp usto dewvelop a theory of optimal estimation which predicts
the structure of the computation that the y shoulddo to achieve the most
reliable motion estimates.

In sewral caseswe can nd independent evidencethat the y's computa-
tion hasthe form predicted by optimal estimation theory, including some
features of the neural responsethat were found only after the theoretical
predictions.

We start by getting an order{of{magnitude feelfor the theoretical limits.
Supposethat we look at a pattern of typical contrast C and it moveshy an
angle . A single photodetector elemen will seea changein contrast of roughly
C C ( = o), where g isthe angular scaleof blurring dueto diraction. If
we can measurefor atime , we will count an averagenumber of photons R

15 et me emphasize that you should be skeptical of any specic claim about what the brain
computes. The fact that ies can stabilize their igh t using visual cues, for example, doesnot
mean that they compute motion in any precise sense|they could use a form of “bang{bang'
control that needsknowledge only of the algebraic sign of the velocity, although 1 think that the
torsion balance experiments argue against such a model. It alsois a bit mysterious why we nd
neurons with such understand able prop erties: one could imagine connecting photorecepto rsto
igh t musclesvia a network of neurons in which there is nothing that we could recognize as a
motion{sensitiv ecell. Thus it is not obvious either that the y must compute motion or that
there must be motion{sensitiv e neurons (one might make the same argument about whether
there needsto be a whole area of motion{sensiti ve neurons in primate cortex, as observed).
As you will see,when the dust settles | will claim that ies in fact compute motion optimal ly.
The direct evidence for this claim comes from careful examination of the responsesof single
neurons. We don't know why the y goesto the trouble of doing this, and in particular it is
hard to point to a behavior in which this precision has been demonstrated experimentally (or
is plausibly necessaryfor survival). This is a rst example of the laundry list problem: if the
brain makes optimal estimates of x; y and z; then we have an opening to a principled theory
ofx ;y ;andz perception and the correspondin g neural responses,but we don't know why
the system choosesto estimate x;y;z asopposedto x%y? and z° Hang in there ... we'll try
to address this too!
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with R the counting rate per detector,;and hencethe noise can be expresseda
fractional precisionin intﬁ@y of 1= R . But fractional intensity is what we
mean by corntrast, so1= R is really the corntrast noisein one photodetector.
To get the signalto noiseratio we should comparethe signal and noisein eadh
of the N¢ys detectors, then add the squaresif we assume(as for photon shot
noise) that noise is independert in ead detector while the signal is coherer.
The result is
2
SNR Negs — C2R: (11)
0

This calculation is rough, and we cando a little better [4, ], but it cortains the

right ideas. Motion discrimination is hard for ies becausethey have small lenses
and henceblurry images( o is large) and becausethey have to respond quickly

( is small). Under reasonablelaboratory conditions the optimal estimator

would reach SN R = 1 at an angular displacemen of 0:05 .

We can test the precision of motion estimation in two very di erent ways.

One is similar to the experimens described for photon cournting or for bat

edolocation: we createtwo alternativesand askif we can discriminate reliably.

For the motion sensitive neuronsin the y visual systemRob pursued this line

by recording the responsesof a singleneuron (H1, which is sensitive, not surpris-

ingly, to horizontal motions) to stepsof motion that have either an amplitude

+ Or an amplitude [@]. The cell responds with a brief volley of action

potentials which we can label as occurring at times ti;t,; . We asobseners
of the neuron canlook at thesetimes and try to decidewhether the motion had

amplitude . or ; the ideais exactly the sameasin Problem 2, but here we
haveto measurethe distributions P (t;;t,; ) rather than making assumptions
about their form. Doing the integrals, one nds that looking at spikesgenerated
in the rst  30msecafter the step (asin the y's behavior) we canread the

reliabilit y expected for SNR = 1 at a displacement =« j 012,
within a factor of two of the theoretical limit set by noisein the photodetectors.
Thesedata are quite rich, and it is worth noting a few more points that emerged
from the analysis:

On the  30msectime scale of relevance to behavior, there are only a
handful of spikes. This is partly what makesit possibleto do the analysis
so completely, but it alsois a lessonfor how we think about the neural
represemation of information in general.

Dissecting the cortributions of individual spikes,one nds that ead suc-
cessie spike makes a nearly independert contribution to the signal to
noiseratio for discrimination, sothere is essetially no redundancy

Evenoneor two spikesare enoughto allow discrimination of motions much
smaller than the lattice spacingon the retina or the nominal \di raction
limit" of angular resolution. Analogous phenomenahave been known in
human vision for more than a certury and are called hyperacuity; see
Section4.2 in Spikesfor a discussion[ﬂ].
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The step discrimination experiment givesusa very clear view of reliabilit y in
the neural response,but aswith the other discrimination experiments discussed
above it's not a very natural task. An alternativ e is to ask what happenswhen
the motion signal (angular velocity (t)) is a complex function of time. Then we
canthink of the signalto noiseratio in Eq. (E} asbeingequivalent to a spectral
density of displacemern noise N © 3=(NceisC2R), or a generalization in
which the photon counting rate is replacedby an e ectiv e (frequency dependent)
rate related to the noisecharacteristics of the photoreceptors[@]. It seemdikely,
as discussedabove, that the y's visual systemreally does make a cortin uous
or running estimate of the angular velocity, and that this estimate is encaded
in the sequenceof discrete spikes produced by neuronslike H1. It is not clear
that any pieceof the brain ever \decodes" this signal in an explicit way, but if
we could do sud a decaling we could test directly whether the accuracy of our
decding readesthe limiting noiselevel set by noisein the photodetectors.

The idea of using spike trains to recover corntin uoustime dependen signals
started with this analysisof the y visual system[#7, B0, FJ], and has sinceex-
pandedto many di erent systems[E]. Generalizationsof theseideasto decaling
from populations of neurons [@] even have application to future prosthetic de-
vices which might be able to decale the commandsgiven in motor cortex to
cortrol robot arms [53. Here our interest is not somuch in the structure of the
code, or in the usefulnessof the decaling; rather our goalis to usethe decaling
asatool to characterize the precision of the underlying computations.

To understand how we can decale a cortinuous signal from discrete se-
guencesof spike it is helpful to have an example, following Ref. [@]. Suppose
that the signal of interest is s(t) and the neuron we are looking at generates
action potentials according to a Poisson processwith a rate r(s). Then the

probability that we obsene spikesat times tq;t;; ;ty  ftjg giventhe signal
s(t) is (generalizing from Problem 1)
. 1 z ¥
PIftigis(t)] = Sy exp der(s(t)  r(s(t)): (12)

i=1

For simplicity let us imagine further that the signal s itself comesfrom a Gaus-
sian distribution with zero mean, unit variance and a correlation time ., so

that
z

P[s(t)]/ exp 4i dt 28>+ (13)
Cc

Our problem is not to predict the spikesfrom the signal, but rather given the

spikesto estimate the signal, which meansthat we are interestedin conditional

distribution P[s(t)jf tjg]. From Bayes'rule,

pisiftg = PIHISOIPEO] (1)

Plftig]
Z Z

W
dts? dtVe (s(t)) r(s(ti));
i=1

/expzC
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(15)
where

Ve () = 4—1032 + r(s): (16)

| write the probabilit y distribution in this form to remind you of the (Euclidean)
path integral description of quantum medanics, where the amplitude for a
particle of massm to move along a trajectory x(t) in a potential V (x) is given

by
Z Z

Ax(t)]/ exp g dt x2 dtV (x(t)) ; a7

in units whereh = 1. If we want to estimate s(t) from the probabilit y distribu-
tion P[s(t)jf tig], then we can compute the conditional mean, which will give us
the best estimator in the sensethat 2 betweenour estimate and the true signal
will be minimized (seeProblem 5 below). Thusthe estimate at somepatrticular
time to is given by

Sest(to) = Ds(t) s(to)P [s(t)jf tig] (18)
* +

Y&I
/ s(to) _ r(s(ti)) ; (29)

i=1

where h i stands for an expectation value over trajectories drawn from the
distribution
z z

Pe [S(1)]/ exp ZC dt s dtVe (s(t)) : (20)

Thus estimating the trajectory involvescomputing an N + 1{point function in
the quantum medanics problem de ned by the potential V, .

Problem 5: Optimal estimators. Imagine that you obsene y, which is related to
another variable x that you actually would like to know. This relationship can be de-
scribed by the joint probabilit y distribution P (x;y), which you know. Any estimation
strategy can be described as computing some function Xest = F(y). For any estimate

we can compute the expected value of 2,

2= dxdyP(x y)ix F(y)i% (21)

Shaw that the estimation strategy which minimizes 2

conditional mean,
Z

Fopt (y) = dxxP (xjy): (22)

is the computation of the

If we took any particular model seriously we could in fact try to compute
the relevant expectation values, but here (and in applications of theseideasto
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analysisof real neurons) | don't really want to trust thesedetails; rather | want
to focus on somegeneralfeatures. First one should note that trying to do the
calculations in a naive perturbation theory will work only in somevery limited
domain. Simple forms of perturbation theory are equivalent to the statemert
that interesting valuesof the signal s(t) do not samplestrongly nonlinear regions
of the input/output relation r(s), and this is unlikely to be true in general. On
the other hand, there is a chanceto do something simple, and this is a cluster
expansion:
* +
A A
s(to)  r(s(ti)) hs(to)i  r(s(ti))i

i=1 i=1
X
+A  hs(te) r(s(t))i+ (23)

i=1

where s refersto uctuations around around the meankhsi, and similarly for r,
while A is aconstart. As with the usual cluster expansionsin statistical physics,
this doesnot require perturbations to be weak; in particular the relation r(s)
can have arbitrarily strong (even discortin uous) nonlinearities. What is needed
for a cluster expansionto make senseis that the times which appear in the
N {p oint functions be far apart when measuredin units of the correlation times
for the underlying trajectories. In the presen case,this will happen (certainly)
if the times between spikesare long comparedwith the correlation times of the
signal. Interestingly, as the mean spike rate gets higher, it is the correlation
times computed in the full V, (s) which are important, and these are smaller
than the bare correlation time in many cases.At leastin this classof models,
then, there is a regime of low spike rate where we can usea cluster expansion,
and this regime extends beyond the naive crosswer determined by the number
of spikesper correlation time of s. As explainedin Spikes,there are good reasons
to think that many neuronsactually operate in this limit of spike trains which
are \sparse in the time domain” [E].

What are the consequence®f the cluster expansion? If we can get away
with keepingthe leading term, and if we don't worry about constart o sets in
our estimates (which can't be relevant ... ), then we have

X
Sest(t) = f(t t)+ ; (24)
i=1

wheref (t) againis somethingwe could calculate if we trusted the details of the
model. But this is very simple: we can estimate a contin uous time dependen
signal just by adding up contributions from individual spikes, or equivalertly
by Itering the sequenceof spikes. If we don't want to trust a calculation of
f (t) we can just useexperiments to nd f (t) by asking for that function which
givesus the smallestvalue of 2 betweenour estimate and the real signal, and
this optimization problem is also simple since ? is quadratic in f [E, @] So
the path is clear|do a long experiment on the response of a neuron to signals
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drawn from somedistribution P[s(t)], usethe rst part of the experiment to
nd the lter f(t) sud that the estimate in Eq. (@) minimizes 2, and then
test the accuracy of our estimateson the remainder of the data. This is exactly
what we did with H1 [@], and we found that over a broad range of frequencies
the spectral density of errors in our estimates was within a factor of two of
the limit set by noisein the photoreceptor cells. Further, we could change, for
example,the image contrast and shaw that the resulting error spectrum scaled
as expected from the theoretical limit [H].

Tothe extert that the y's brain can estimate motion with a precision close
to the theoretical limit, one thing we know is that the act of processingitself
doesnot add too much noise. But being quiet is not enough: to make maximally
reliable estimatesof nontrivial stimulus featureslik e motion one must be sureto
do the correct computation. To understand how this works let's look at a simple
example, and then I'll outline what happenswhen we use the sameformalism
to look at motion estimation. My discussionhere follows joint work with Marc
Potters [B4).

Supposethat someonedraws a random number x from a probabilit y distri-
bution P(x). Rather than seeingx itself, you get to seeonly a noisy version,
y = x+ , where is drawn from a Gaussiandistribution with variance 2.
Having seeny, your job is to estimate x, and for simplicity let's say that the
\b est estimate" is best in the least squaressenseasabove. Then from Problem
5 we know that the optimal estimator is the conditional mean,

z
Xest(y) = dxxP (xjy): (25)
Now we use Bayes' rule and push things through:
z
. 1
Xest(Y) = dx xP (YJX)P(X)W (26)
BN ‘ dx xP (x) ex i( x)? (27)
~ PO L2 2 P27V
Ve (X) Fe X
= ——— dxxex + ; 28
Z) P keTe KaTe (29)

where we can draw the analogy with statistical medanics by noting the corre-
spondences:

Ve (X) X2

o T. InP(x) + 572 (29)

ke Te = 2 (30)
Fe = vy (31)

Thus, making optimal estimates involves computing expectation values of po-
sition, the potential is (almost) the prior distribution, the noise level is the
temperature, and the data act as an external force. The connection with sta-
tistical medhanics is more than a corveniert analogy; it helps us in nding
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Statistical mechanics | Optimal Estimation
Temperature Noiselevel

Potential (log) Prior distribution
Averageposition Estimate

External force Input data

approximation sdhemes. Thus at large noiselevelswe are at high temperatures,
and all other things being equal the force is e ectiv ely small so we can com-
pute the responseto this force in perturbation theory. On the other hand, at
low noise levels the computation of expectation values must be dominated by
ground state or saddle point con gurations.

In the caseof visual motion estimation, the data are the voltagesproducedby
the photoreceptorsf V, (t)g and the thing we aretrying to estimateis the angular
velocity (t). Theseare functions rather than numbers, but this isn't suc a big
dealif we are usedto doing functional integrals. The really new point isthat (t)
doesnot directly determine the voltages. What happensinstead is that even if
the y ies along a perfectly straight path, sothat _= 0, the world e ectiv ely
projects a movie C(x;t) onto the retina and it is this movie which determinesthe
voltages (up to noise). The motion (t) transforms this movie, and so erters in
a strongly nonlinear way; if we take a one dimensional approximation we might
write C(x;t)! C(x  (t);t). Each photodetector responds to the corntrast as
seenthrough an aperture function M (X  Xp) certered on a lattice point x, in
the retina, and for simplicity let's take the noiseto be dominated by photon
shot noise. Since we have independert knowledge of the C(x;t), to describe
the relationship between _(t) and f V, (t)g we have to integrate over all possible
movies, weighted by their probabilit y of occurrenceP [C].

Putting all of these things together with our general scheme for nding
optimal estimates, we have

z
-est(to) = D {to)P[ (1)if Va(t)d] (32)
: _ . 1
PLOIVHOG = PIVa(Ogl OIPL Ol 55 @
z R X z
P[fVa(tai (O] / DCP[Clexp dtjVa(t) Vo (1)j?
7 (34)
Vh(t) = dxM (x  xp)C(x  (t);1): (35)

Of coursewe can't do theseintegrals exactly, but we can look for approxima-
tions, and again we can do perturbation theory at low signal to noiselevels and
seard for saddlepoints at high signalto noiseratios. When the dust settleswe

nd [B4:

At low signal to noise ratios the optimal estimator is quadratic in the
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receptor voltages,
x Z zZ

nm

At moderate signal to noiseratios, terms with higher powers of the voltage
becomerelevant and “self energy' terms provide correctionsto the kernel

Kom (; 0)

At high signal to noiseratios averagingover time becomeslessimportant
and the optimal estimator crossesover to

P
n vﬂ (tJVn (t) Vn l(t)]
constart + [Va(t) Vo 1(D)]2’

-est(t) (37)
where constart depends on the typical corntrast and dynamics in the
movieschosenfrom P[C(x; t)] and on the typical scaleof angular velocities

in P[ (t)].

Beforelooking at the two limits in detail, note that the whole form of the motion
computation depends on the statistical properties of the visual environment.
Although the limits look very di erent, one can show that there is no phase
transition and hencethat increasing signal to noise ratio takes us smoothly
from onelimit to the other; although this is sort of a side point, it was a really
nice piece of work by Marc. An obvious question is whether the y is capable
of doing thesedi erent computations under di erent conditions.

We can understand the low signalto noiseratio limit by realizing that when
something movesthere are correlations betweenwhat we seeat the two space{
time points (x;t) and (x + v ;t + ). These correlations extend to very high
orders, but asthe badkground noiselevel increasesthe higher order correlations
are corrupted rst, until nally the only reliable thing left is the two{p oint
function, and closerexamination shows that near neighbor correlations are the
most signi cant: we can be sure something is moving becausesignalsin neigh-
boring photodetectors are correlated with a slight delay. This form of \corre-
lation based" motion computation was suggestedlong ago by Reichardt and
Hassensteinbasedon behavioral experimerts with beetles[5g]; later work from
Reichardt and cowvorkersexplored the applicabilit y of this modelto y behavior
[BJ. Oncethe motion sensitive neuronswere discoveredit was natural to ched
if their responsescould be understood in theseterms.

There are two clear signatures of the correlation model. First, since the
receptor voltage is linear in responseto image cortrast, the correlation model
confounds contrast with velocity: all things being equal, doubling the image
cortrast causesour estimate of the velocity to increaseby a factor of four (!).
This is an obsened property of the igh t torque that ies generatein response
to visual motion, at leastat low cortrasts, and the samequadratic behavior can
be seenin the rate at which motion sensitive neurons generate spikesand even
in human perception (at very low cortrast). Although this might seemstrange,
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it's been known for decades. What is interesting here is that this seemingly
disastrous confounding of signalsoccurs even in the optimal estimator: optimal
estimation involvesa tradeo between systematic and random errors, and at
low signalto noiseratio this tradeo pushesustoward making larger systematic
errors, apparertly of a form made by real brains.

The second signature of correlation computation is that we can produce
movies which have the right spatiotemporal correlations to generatea nonzero
estimate g but don't really have anything in them that we would describe
as\moving" objects or features. Rob de Ruyter has a simple recipe for doing
this [E] which is quite compelling (I recommendyou try it yourself): Make a
spatiotemporal white noisemovie (x;t),

h () 5= e %9 (1 19 (38)
and then add the movie to itself with a weight and an o set:
Cist)= (xt)+a (x+ xt+ 1) (39)

Composedof pure noise, there is nothing really moving here. If you watch the
movie, howewer, there is no question that you think it's moving, and the y's
neuronsrespond too (just likeyours, presumably). Even more impressive is that
if you change the sign of the weight a ... the direction of motion reverses,as
predicted from the correlation model.

Becausethe correlation model has a long history, it is hard to view evidence
for this model as a succesof optimal estimation theory. The theory of optimal
estimation also predicts, howewer, that the kernel K, ( ; 9 should adapt to
the statistics of the visual ervironment, and it does. Most dramatically one
can just shanv random movies with di erent correlation times and then probe
the transient response of H1 to step motions; the time course of transients
(presumably re ecting the details of K) can vary over nearly two orders of
magnitude from 30{300 msecin responseto di erent correlation times [E]. All
of this makessensdn light of optimal estimation theory but again perhapsis not
a smoking gun. Closerto areal test is Rob's argumert that the absolute values
of the time constarts seenin suc adaptation experiments match the frequencies
at which natural movies would fall belov SNR = 1 in ead photoreceptor, so
that ltering in the visual systemis set (adaptively) to t the statistics of signals
and noisein the inputs [56, 7).

What about the high SNR limit? If we remenber that voltagesare linear in
cortrast, and let ourselvesignore the lattice in favor of a continuum limit, then
the high SNR limit has a simple structure,

R
dx(@cC)(@c) , @c.
B+ dx(@C)?2 @C’

-est(1) (40)
where the last limit is at high cortrasts. As promised by the lack of a phase
transition, this starts asa quadratic function of cortrast just lik e the correlator,
but saturates as the ratio of temporal and spatial derivatives. Note that if
C(x; t) = C(x + vt), then this ratio recoversthe velocity v exactly. This simple
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ratio computation is not optimal in generalbecausereal movies have dynamics
other than rigid motion and real detectors have noise, but there is a limit in
which it must be the right answer. Interestingly, the correlation model (with
multiplicativ e nonlinearity) and the ratio of derivatives model (with a divisive
nonlinearity) have beenviewedasmutually exclusive modelsof how brains might
compute motion. One of the really nice results of optimal estimation theory is
to seetheseseeminglyvery di erent modelsemergeasdi erent limits of a more
generalstrategy. But, do ies know about this more generalstrategy?

The high SNR limit of optimal estimation predicts that the motion estimate
(and hence,for example, the rate at which motion sensitive neurons generate
spikes) should saturate as a function of cortrast, but this contrast{saturated
level should vary with velocity. Further, if one traces through the calculations
in more detail, the the constart B and hencethe cortrast level required for
(e. g.) half{saturation should depend on the typical contrast and light intensity
in the ervironment. Finally, this dependenceon the ervironment really is a
responseto the statistics of that ervironment, and hencethe system must use
sometime and a little "memory' to keeptrack of these statistics|the contrast
response function should re ect the statistics of moviesin the recert past. All
of thesethings are obsened [56, 57, B

So,whereare we? The y's visual systemmakesnearly optimal estimatesof
motion under at least someconditions that we can probein the lab. The theory
of optimal estimation predicts that the structure of the motion computation
ought to have some surprising properties, and many of these are obsened|
somewere obsened only when theory said to go look for them, which always
is better. | would like to get a clearer demonstration that the system really
takesa ratio, and | think we're closeto doing that |E] Meanwhile, one might
worry that theoretical predictions depend too much on assumptionsabout the
structure of the relevant probability distributions P[C] and P[ ], so Rob is
doing experimerts where he walks through the woods with both a cameraand
gyroscope mounted on his head(!), samplingthe joint distribution of moviesand
motion trajectories. Armed with these samplesone can do all of the relevant
functional integrals by Monte Carlo, which really is lovely since now we are
in the real natural distribution of signals. | am optimistic that all of this will
soon corverge on a complete picture. | also believe that the successso far is
su cien t to motivate a more generallook at the problem of optimization as a
designprinciple in neural computation.

4 Toward a general principle?

One attempt to formulate a generalprinciple for neural computation goesbadk
to the work of Attneave [Bd and Barlow [61, 7 in the 1950s. Focusing on
the processingof sensoryinformation, they suggestedthat an important goal
of neural computation is to provide an e cien t represemation of the incoming
data, where the intuitiv e notion of e ciency could be made precise using the
ideas of information theory [3].
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Imagine describing an image by giving the light intensity in ead pixel. Al-
ternativ ely, we could give a description in terms of objects and their locations.
The latter description almost certainly is more e cien t in a sensethat can be
formalized using information theory. The idea of Barlow and Attneave was to
turn this around|p erhapsby searding for maximally e cien t represetations
of natural scenesve would be forcedto discover and recognizethe objects out of
which our perceptionsare constructed. E cien t represemation would have the
added advantage of allowing the communication of information from one brain
region to another (or from eye to brain along the optic nerve) with a minimal
number of nerve b ers or even a minimal number of action potentials. How
could we test theseideas?

If we make a model for the classof computations that neuronscando, then
we could try to nd within this classthe one computation that optimizes
someinformation theoretic measureof performance. This should lead to
predictions for what real neurons are doing at various stagesof sensory
processing.

We could try to make a direct measuremen of the e ciency with which
neuronsrepresem sensoryinformation.

Becausee cien t represemations depend on the statistical structure of the
signalswe are trying to represem, a truly e cient brain would adapt its
strategiesto track changesin thesestatistics, and we could seard for this
\statistical adaptation." Even better would be if we could show that the
adaptation hasthe right form to optimize e ciency .

Before getting started on this program we needa little review of information
theory itself.ﬁ Almost all statistical medanicstextb ooks note that the entropy
of a gas measuresour lack of information about the microscopic state of the
molecules,but often this connectionis left a bit vagueor qualitative. Shannon
proved a theorem that makesthe connection precise[@]: ertropy is the unique
measure of available information consistert with certain simple and plausible
requiremens. Further, ertropy alsoanswersthe practical question of how much
spacewe needto usein writing down a description of the signalsor statesthat
we obsene.

Two friends, Max and Allan, are having a corversation. In the course of
the conversation, Max asks Allan what he thinks of the headline story in this
morning's newspager. We have the clear intuitiv e notion that Max will “gain
information' by hearingthe answer to his question, and we would lik eto quantify
this intuition. Following Shannon'sreasoning,we begin by assumingthat Max
knows Allan very well. Allan speaksvery proper English, being careful to follow
the grammatical rules even in casual conversation. Sincethey have had many

16 At Les Houches this review was accomplished largely by handing out notes based on
coursesgiven at MIT, Princeton and ICTP in 1998{99. In principle they will becomepart of
a book to be published by Princeton Univ ersity Press, tentativ ely titted Entr opy, Information
and the Brain. | include this here sothat the presentatio n is self{contained, and apologize for
the eventual self{plagiarism that may occur.
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political discussionsMax has a rather good idea about how Allan will react to
the latest news. Thus Max can make a list of Allan's possibleresponsesto his
guestion, and he can assignprobabilities to ead of the answers. From this list
of possibilities and probabilities we can compute an entropy, and this is donein
exactly the sameway aswe compute the entropy of a gasin statistical mecanics
or thermodynamics: If the probability of the n!" possibleresponseis py, then
the entropy is
X
S= Pn 109, pn bits: (412)

n

The erntropy S measuresMax's uncertainty about what Allan will say in
response to his question. Once Allan gives his answer, all this uncertainty is
removed|one of the responsesoccurred, correspnding to p = 1, and all the
others did not, correspnding to p = O|so the entropy is reducedto zero. It
is appealing to equate this reduction in our uncertainty with the information
we gain by hearing Allan's answer. Shannon proved that this is not just an
interesting analogy; it is the only de nition of information that conforms to
somesimple constraints.

To start, Shannonassumesthat the information gained on hearing the an-
swer canbe written asa function of the probabilities p, E| Then if all N possible
answers are equally lik ely the information gained should be a monotonically in-
creasingfunction of N. The next constraint is that if our question consists of
two parts, and if thesetwo parts are ertirely independert of one another, then
we should be able to write the total information gained asthe sum of the in-
formation gained in responseto ead of the two subquestions. Finally, more
general multipart questions can be thought of as branching trees, where the
answer to ead successig part of the question provides somefurther re nement
of the probabilities; in this casewe should be able to write the total information
gained as the weighted sum of the information gained at ead branch point.
Shannonproved that the only function of the f p,g consistert with thesethree
postulates|monotonicit y, independence,and branchinglis the erntropy S, up
to a multiplicativ e constart.

If we phrasethe problem of gaining information from hearingthe answerto a
guestion, then it is natural to think about a discrete set of possibleanswers. On
the other hand, if we think about gaining information from the acoustic wave-
form that reatesour ears, then there is a cortinuum of possibilities. Naively,
we are tempted to write

z

Scontin uum = dxP (x) |ng P(x); (42)

or somemultidimensional generalization. The di cult vy, of course,is that prob-
ability distributions for cortinuous variables [like P (x) in this equation] have
units|the distribution of x hasunits inverseto the units of xjJand we should

17In particular, this “zeroth' assumption means that we must tak e seriously the notion of
enumerating the possible answers. In this framework we cannot quantify the information that
would be gained upon hearing a previously unimaginable answer to our question.

31



be worried about taking logs of objects that have dimensions. Notice that if
we wanted to compute a di erence in enropy betweentwo distributions, this
problem would go away. This is a hint that only entropy di erences are going
to be important.[

Returning to the corversation between Max and Allan, we assumedthat
Max would receive a complete answer to his question, and hencethat all his
uncertainty would be removed. This is an idealization, of course. The more
natural description is that, for example, the world can take on many states
W, and by observing data D we learn something but not ewverything about
W. Before we make our obsenations, we know only that states of the world
are chosenfrom somedistribution P (W), and this distribution has an entropy
S(W). Once we obsene some particular datum D, our (hopefully improved)
knowledge of W is described by the conditional distribution P(WjD), and this
has an entropy S(WjD) that is smaller than S(W) if we have reduced our
uncertainty about the state of the world by virtue of our obsenations. We
identify this reduction in entropy asthe information that we have gained about
W.

Problem 6: Maximally informativ e experimen ts. Imagine that we are trying
to gain information about the correct theory T describing some set of phenomena.
At some point, our relative con dence in one particular theory is very high; that is,
P(T=T)>F P(T 6 T) for somelarge F. On the other hand, there are many
possible theories, so our absolute con dence in the theory T might nonethelessbe
quite low, P(T = T ) << 1. Suppose we follow the ‘sciertic method' and design
an experiment that has a yes or no answer, and this answer is perfectly correlated
with the correctnessof theory T , but uncorrelated with the correctnessof any other
possible theory|our experiment is designedspeci cally to test or falsify the currently
most lik ely theory. What can you say about how much information you expect to gain
from such a measuremen? Suppose instead that you are completely irrational and
design an experiment that is irrelevant to testing T but hasthe potential to eliminate
many (perhaps half) of the alternativ es. Which experiment is expected to be more
informativ e? Although this is a gross cartoon of the sciertic process,it is not such

18The problem of dening the entropy for contin uous variables is familiar in statistical
mechanics. In the simple example of an ideal gasin a nite box, we know that the quantum
version of the problem has a discrete set of states, sothat we can compute the entropy of the
gas as a sum over these states. In the limit that the box is large, sums can be approximated
as integrals, and if the temp erature is high we expect that quantum e ects are negligible and
one might naively supposethat Planck's constant should disapp ear from the results; we recall
that this is not quite the case. Planck's constant has units of momentum times position, and
so is an elementary area for each pair of conjugate position and momentum variables in the
classical phase space;in the classical limit the entrop y becomes(roughly) the logarithm of the
occupied volume in phase space, but this volume is measured in units of Planck's constant.
If we had tried to start with a classical formulation (as did_Boltzmann and Gibbs, of course)
then we would nd ourselves with the problems of Eq. (d@ namely that we are trying to
tak e the logarithm of a quantity with dimensions. If we measure phase space volumes in
units of Planck's constant, then all is well. The important point is that the problems with
de ning a purely classical entropy do not stop us from calculating entrop y di erences, which
are observable directly as heat o ws, and we shall nd a similar situation for the information
content of contin uous (\classical") variables.
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a terrible model of a game like \t wenty questions." It is interesting to ask whether
people play sudch question gamesfollowing strategies that might seemirrational but
nonethelessserve to maximize information gain [@]. Related but distinct criteria for
optimal experimental design have beendeveloped in the statistical literature @]

Perhaps this is the point to note that a single obsenation D is not, in
fact, guaranteed to provide positive information, as emphasizedby DeWeese
and Meister [Bg). Consider, for instance, data which tell us that all of our
previous measuremets have larger error bars than we thought: clearly suct
data, at an intuitiv e level, reduce our knowledge about the world and should
be assaiated with a negative information. Another way to say this is that
somedata points D will increaseour uncertainty about state W of the world,
and hencefor these particular data the conditional distribution P(WjD) has
a larger entropy than the prior distribution P (D). If we identify information
with the reduction in entropy, Ip = S(W) S(WjD), then sud data points are
assaiated unambiguously with negative information. On the other hand, we
might hope that, on average,gathering data correspndsto gaining information:
although single data points can increaseour uncertainty, the averageover all
data points doesnot.

If we averageover all possibledatalw eighted, of course,by their probabilit y
of occurrenceP (D), we obtain the averageinformation that D provides about
W,

X
ID! W) = S(W) P(D)S(WjD) (43)
D
= P(W; D) log, 7PF()\EVV;/P?I)D) (44)
W D

Note that the information which D providesabout W is symmetricin D and W.
This meansthat we can alsoview the state of the world asproviding information
about the data we will obsene, and this information is, on average,the sameas
the data will provide about the state of the world. This “information provided'
is therefore often called the mutual information, and this symmetry will be very
important in subsequet discussions;to remind ourseles of this symmetry we
write | (D; W) rather than I (D ! W).

Problem 7: Positivit y of information.  Prove that the mutual information | (D !

W), de ned in Eg. (@), is positive.

One consequenceof the symmetry or mutualit y of information is that we
can write

X
1(D;W) = S(W) P(D)S(WjD) (45)
XD
= S(D) P (W)S(DjW): (46)
W
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If we consideronly discrete sets of possibilities then ertropies are positive (or
zero), sothat theseequationsimply

1 (D;W) S(W) (47)
1(D; W) S(D): (48)

The rst equation tells us that by observing D we cannot learn more about
the world then there is entropy in the world itself. This makessense:enropy
measuresthe number of possiblestatesthat the world can be in, and we cannot
learn more than we would learn by reducing this set of possibilities down to
one unique state. Although sensible(and, of course,true), this is not a terribly
powerful statemert: seldom are we in the position that our ability to gain
knowledgeis limited by the lack of possibilities in the world around us.H The
secondequation, howewver, is much more powerful. It says that, whatever may
be happening in the world, we can newer learn more than the ertropy of the
distribution that characterizesour data. Thus, if we askhow much we can learn
about the world by taking readingsfrom a wind detector on top of the roof, we
can place a bound on the amount we learn just by taking a very long stream of
data, using thesedata to estimate the distribution P (D), and then computing
the entropy of this distribution.

The ertropy of our obser\ationsﬂ thus limits how much we can learn no
matter what question we were hoping to answer, and so we can think of the
ertropy as setting (in a slight abuse of terminology) the capacity of the data
D to provide or to corvey information. As an example, the entropy of neural
responsessetsa limit to how much information a neuron can provide about the
world, and we can estimate this limit even if we don't yet understand what it is
that the neuron is telling us (or the rest of the brain). Similarly, our bound on
the information conveyedby the wind detector doesnot require us to understand
how thesedata might be usedto make predictions about tomorrow's weather.

Since the information we can gain is limited by the ertropy, it is natural
to ask if we can put limits on the entropy using some low order statistical
properties of the data: the mean, the variance, perhaps higher momerns or
correlation functions, ... . In particular, if we can say that the enropy has a
maximum value consistert with the obsened statistics, then we have placed a
rm upper bound on the information that thesedata can corvey.

The problem of nding the maximum entropy given some constraint again
is familiar from statistical medanics: the Boltzmann distribution is the dis-
tribution that hasthe largest possible ertropy given the mean energy More

19This is not quite true. There is a tradition of studying the nervous system as it responds
to highly simplied signals, and under these conditions the lack of possibilities in the world
can be a signi can t limitation, substantially confounding the interpretat ion of experiments.

20|n the same way that we speak about the entropy of a gas | will often speak about the
entrop y of a variable or the entropy of a response. In the gas, we understand from statistical
mechanics that the entropy is de ned not as a prop erty of the gas but as a prop erty of the
distribution or ensenble from which the microscopic states of the gas are chosen; similarly we
should really speak here about \the entropy of the distribution of observations," but this is a
bit cumbersome. | hope that the slightly sloppy but more compact phrasing does not cause
confusion.
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generally, let us imagine that we have knowledge not of the whole probability
distribution P (D) but only of someexpectation values,

X
i = P(D)fi(D); (49)
D

wherewe allow that there may be se\eral expectation valuesknown (i = 1; 2;:::; K).
Actually there is one more expectation value that we always know, and this is
that the averagevalue of oneis one;the distribution is normalized:

X
Hoi = P(D)=1 (50)
D
Giventhe set of numbersfthfoi; Hf1i; ;Hig asconstraints on the probability

distribution P (D), we would like to know the largest possible value for the
ertropy, and we would liketo nd explicitly the distribution that provides this
maximum.
The problem of maximizing a quartity subject to constraints is formu-
Iatlgd using Lagrange multipliers. In this case, we want to maximize S =
P(D)log, P(D), so we introduce a function S, with one Lagrange mul-
tiplier ; for ead constraint:

X X
S[P(D)] = P(D)log, P(D) ihfii (51)
D i=0
1 X S X
= 2 P(D)InP(D) i P(D)fi(D): (52)
D i=0 D

Our problem is then to nd the maximum of the function S, but this is easy
becausethe probability for ead value of D appearsindependerily. The result
is that

" #

P(D) = ZleXp ifi(D) ; (53)
i=1

whereZ = exp(l+ () is a normalization constart.

Problem 8: Details. Derive Eq. (E). In particular, show that Eq. (E) provides
a probabilit y distribution which geruinely maximizes the entropy, rather than being
just an extremum.

These ideas are enoughto get started on \designing" some simple neural
processes. Imagine, following Laughlin @] that a neuron is responsible for
represeting a single number sud as the light intensity | averagedover small
patch of the retina (don't worry about time dependence). Assume that this
signal will be represeted by a cortinuous voltage V, which is true for the rst
stagesof processingin vision. This voltage is encaded into discrete spikesonly
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as a secondor third step. The information that the voltage provides about the
intensity is
z Z

(V! 1) = dl dVP(Vil)log, % (54)
z z /
= d  dVP(V;l)log, PFE\(/\J/')) (55)

The conditional distribution P (V|l ) describesthe processby which the neuron
responds to its input, and sothis is what we should try to \design."

Let us supposethat the voltage is on averagea nonlinear function of the
intensity, and that the dominant source of noise is additive (to the voltage),
independert of light intensity, and small compared with the overall dynamic
range of the cell:

V=g)+ (56)

with somedistribution Ppise ( ) for the noise. Then the conditional distribution

P(Vil') = Pnoise(V  9(1)); (57)
and the ertropy of this conditional distribution can be written as
z
Scond = dvV P (Vjl)log, P(Vjl') (58)
z

d Proise( ) 109, Pnoise ( ): (59)

Note that this is a constart, independert both of the light intensity and of the
nonlinear input/output relation g(l ). This is useful becausewe can write the
information as a di erence betweenthe total erntropy of the output variable V
and this conditional or noiseentropy, asin Eq. (@):

z
(V! 1)= dVP (V) 1og, P(V)  Scond: (60)

With Scong constart independert of our “design,’ maximizing information is
the same as maximizing the ertropy of the distribution of output voltages.
Assumingthat there are maximum and minimum valuesfor this voltage, but no
other constraints, then the maximum ertropy distribution is just the uniform
distribution within the allowed dynamic range. But if the noiseis small it
doesn't cortribute much to broadeningP (V) and we calculate this distribution

asif there wereno noise, so that

P(V)AdV = P(1)dl; (61)
av. 1 _

36



Sincewe want to haveV = g(I ) and P(V) = 1=(Vmax  Vmin), We nd

dg(l)
di

a(l)

(Vmax ~ Vimin )P (1); (63)
Z
(Vmax ~ Vimin) | di Op(l (5: (64)

I min

Thus, the optimal input/output relation is proportional to the cumulativ e prob-
abilit y distribution of the input signals.

The predictions of Eq. (@) are quite interesting. First of all it makesclear
that any theory of the nervous system which involves optimizing information
transmission or e ciency of represemation inevitably predicts that the compu-
tations doneby the nervous systemmust be matched to the statistics of sensory
inputs (and, presumably, to the statistics of motor outputs as well). Here the
matching is simple: in the right units we could just read o the distribution of
inputs by looking at the (di eren tiated) input/output relation of the neuron.
Second,this simple model automatically carries somepredictions about adapta-
tion to overall light levels. If welivein aworld with di use light sourcesthat are
not directly visible, then the intensity which reachesus at a point is the product
of the e ectiv e brightnessof the sourceand somelocal re ectances. As isit gets
dark outside the re ectances don't change|these are material properties|and
so we expect that the distribution P (1) will look the sameexcept for scaling.
Equivalently, if we view the input as the log of the intensity, then to a good
approximation P (logl) just shifts linearly along the logl axis as mean light
intensity goesup and down. But then the optimal input/output relation g(I )
would exhibit a similar invariant shape with shifts along the input axis when
expressedasa function of logl , and this is in rough agreemen with experiments
on light/dark adaptation in a wide variety of visual neurons. Finally, although
obviously a simpli ed version of the real problem facing even the rst stages
of visual processing,this calculation does make a quartitativ e prediction that
would be tested if we measureboth the input/output relations of early visual
neurons and the distribution of light intensities that the animal encourters in
nature.

Laughlin [@] made this comparison (20 yearsago!) for the y visual sys-
tem. He built an electronic photodetector with aperture and spectral sensitivity
matched to those of the y retina and used his photodetector to scan natural
scenesmeasuringP (1 ) asit would appear at the input to theseneurons. In par-
allel he characterizedthe secondorder neuronsofthe y visual system|the large
monopolar cells which receiwe direct synaptic input from the photoreceptors|
by measuringthe peak voltage responseto ashes of light. The agreemem with
Eq. (@) was remarkable, esgecially when we remenber that there are no free
parameters. While there are obvious open questions (what happenedto time
dependence?),this is a really beautiful result.

Laughlin's analysisfocusedon the nonlinear input/output properties of neu-
rons but ignored dynamics. An alternativ e which has beenpursued by sewral
groups is to treat dynamics but to ignore nonlinearity [@, @] and we tried
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to review some of these ideas in section 5.3 of Spikes[f]. As far as | know
there is not much work which really brings together dynamics and nonlinearity,
although there are striking results about ltering and nonlinearity in the color
domain [@]. While these model problems capture something about real neu-
rons, it would be nice to confront the real systemsmore directly. In particular,

most neuronsin the brain represem signalsthrough trains of action potentials.

As noted in the introduction to this section,we'd liketo make a direct measure-
ment of the information carried by these spikesor of the e ciency with which
the spikesrepresem the sensoryworld.

The rst questionwe might askis how much information we gain about the
sensoryinputs by observing the occurrence of just one spike at sometime tg
[Iﬂl]. For simplicity let us imagine that the inputs are described just by one
function of time s(t), although this is not crucial; what will be crucial is that
we can repeat exactly the sametime dependencemany times, which for the
visual system meansshowing the same movie over and over again, so that we
can characterize the variabilit y and reproducibilit y of the neural response. In
general,the information gainedabout s(t) by observinga setof neural responses
is

z P[s( ); resp
I = Ds( )P[s( ); respllog, ——v———
responses P[S( )]P(resp)

(65)
where information is measuredin bits. In the present case,the response is

a single spike, so summing over the full range of responsesis equivalent to
integrating over the possiblespike arrival times to:

s jiog, PI)ito]
|1sp|ke dt0 DS( )P[S( )vtO] |ng P[S( )]P[to] (66)
Z Z .
= duPltd DSOPISCitallog, Xl
67)

where by P[s( )jto] we meanthe distribution of stimuli given that we have ob-
sened a spike at time tq. In the absenceof knowledge about the stimulus, all
spike arrival times are equally likely, and henceP [to] is uniform. Furthermore,
we expect that the coding of stimuli is stationary in time, so that the condi-
tional distribution P[s( )jto] is of the same shape for all tg, provided that we
measurethe time dependenceof the stimulus s( ) relative to the spike time tp:

P[s( )ijto] = P[s( t)jto t]. With thesesimpli cations we can write the
information conveyed by observing a single spike at time ty as [
z
: P[s( )jt
e = DSOPISOitallog, o (69

In this formulation we think of the spike as “pointing to' certain regionsin the
spaceof possible stimuli, and of coursethe information corveyed is quanti ed
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by an integral that relates to the volume of these regions. The dicult y is
that if we want to use Eq. ( in the analysis of real experiments we will
need a model of the distribution P[s( )jto], and this could be hard to come
by: the stimuli are drawn from a spaceof very high dimensionality (a function
space,in principle) and sowe cannot samplethis distribution thoroughly in any
reasonableexperiment. Thus computing information transmission by mapping
spikesbadk into the spaceof stimuli involvessomemodel of how the code works,
and then this modelis usedto simplify the structure of the relevant distributions,
in this caseP[s( )jtp]. We would like an alternative approad that does not
depend on sud models
From Bayes' rule we can relate the conditional probability of stimuli given
spikesto the conditional probability of spikesgiven stimuli:
PIS( )ito] _ Pltajs( )] (69)

PIs( )] Plto]

But we can measurethe probability of a spike at ty given that we know the
stimulus s( ) by repeating the stimulus many times and looking in a small bin
around to to measurethe fraction of trials on which a spike occurred. If we
normalize by the size of the bin in which we look then we are measuring the
probability per unit time that a spike will be generated, which is a standard
way of averagingthe responseover many trials; the probability per unit time is
alsocalledthe time dependert ring rate r[to; s( )], wherethe notation reminds
us that the probability of a spike at onetime dependson the whole history of
inputs leading up to that time.

If we don't know the stimulus then the probabilit y of a spike at to can only
be given by the average ring rate over the whole experiment, r = hr[t;s( )]i,
where the expectation value h i denotesan average over the distribution of
stimuli P[s( )]. Thus we can write

PIS)ito] _ rltois( )], 70)

PIs( )] r

Furthermore, we can substitute this relation into Eq. (§8) for the information
carried by a single spike, and then we obtain
*

+

rto;s( )] o rito;s( )l . (71)
r r '

I1spike = >

We can compute the averagein Eq. (@) by integrating over time, provided
that the stimulus we use runs for a sucien tly long time that it provides a
fair (ergodic) sampling of the true distribution P[s( )] from which stimuli are
drawn.

21| hope that it is clear where this could lead: If we can estimate information using a
model of what spikes stand for, and also estimate information without such a model, then
by comparing the two estimates we should be able to test our model of the code in the most
fundamental sense|do esour model of what the neural responserepresents capture all of the
information that this response provides?
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Explicitly , then, if we samplethe ensenble of possiblestimuli by choosing a
single time dependent stimulus s(t) that runs for a long duration T, and then
we repeat this stimulus many times to accurrulate the time dependen ring
rate r[t;s( )], the information corveyed by a single spike is given exactly by an
averageover this ring rate:

157 O] 1, 1550)

I 1spike = T (72)

0

This is an exact formula,independent of any model for the structure of the neural
code. It makessensethat the information carried by onespike should be related
to the ring rate, sincethe the rate vs. time givesa complete description of the
‘onebody' or one spike statistics of the spike train, in the sameway that the
single particle density describesthe one body statistics of a gasor liquid.

Problem 9: Poisson model and lower bounds. Prove that Eq. (@ provides
a lower bound to the information per spike transmitted if the ertire spike train is a
modulated Poisson process[@].

Another view of the result in Eq. ( is in terms of the distribution of times
at which a single spike might occur. First we note that the information a single
spike provides about the stimulus must be the same as the information that
knowledgeof the stimulus provides about the occurrencetime of a single spike|
information is mutual. Before we know the precisetrajectory of the stimulus
s(t), all wecansay is that if we arelooking for onespike, it can occur anywherein
our experimental window of size T, sothat the probability is uniform, pg(t) =
1=T and the entropy of this distribution is just log, T. Once we know the
stimulus, we can expect that spikeswill occur preferertially at times where the
ring rate is large, so the probability distribution should be proportional to
rt;s( )]; with proper normalization we have pi(t) = r[t;s( )]=(Tr). Then the
conditional erntropy is
Z

dtps(t) log, pi(t) (73)

Z .
' dtw |Og
0 r

S;

ritsC] .
p (74)

== g

The reduction in erntropy is the gain in information, so

I1spike = S0Z S; (75)
17T rt;s( )l rit;s( ) .
=T dt —>== log, ——= ; (76)
as before.

A crucial point about Eq. (@) is that when we derive it we do not make use
of the fact that tg is the time of a single spike: it could be any evert that occurs
at awell de ned time. There is considerableinterest in the question of whether
“synchronous' spikesfrom two neuronsprovide special information in the neural
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code. If we de ne syncironous spikesastwo spikesthat occur within some xed

(small) window of time then this compound evert can also be given an arrival
time (e.g., the time of the later spike), and marking these arrival times across
repeated presenations of the samestimulus we can build up the rate rgt; s( )]
for theseevents of classkE in exactly the sameway that we build up an estimate
of the spike rate. But if we have compound everts constructed from two spikes,
it makessenseto comparethe information carried by a single evert 1 with the
information that would be carried independertly by two spikes, 2l 1 spike. If the
compound event corveys more information than the sum of its parts, then this
compound evert indeed is a special symbol in the code. The sameargumerts
apply to compound events constructed from temporal patterns of spikesin one
neuron.

If a compound event provides an amourt of information exactly equal to
what we expect by adding up cortributions from the componerts, then we say
that the componerts or elemenary everts corvey information independertly . If
there is lessthan independert information we say that the elemenrary everts
are redundant, and if the compound event provides more than the sum of its
parts we sa that there is synemgy amongthe elemenary everns.

When we usetheseideasto analyzeRob's experiments onthe y's H1 neuron
[ﬂ], we nd that the occurrenceof a single spike can provide from 1 to 2 bits of
information, depending on the details of the stimulus ensentole. More robustly
we nd that pairs of spikesseparatedby lessthan 10 mseccan provide more|
and sometimesvastly more|information than expected just by adding up the
contributions of the individual spikes. There is a small amount of redundancy
amongspikeswith larger separations,and if stimuli have a short correlation time
then spikescarry independert information oncethey are separatedby more than
30 msecor so. It is interesting that this time scalefor independert information
is closeto the time scalesof behavioral decisions,asif the y waited long enough
to seeall the spikesthat have a chanceof conveying information synergistically.

We'd like to understand what happens as all the spikesadd up to give us
a fuller represemation of the sensorysignal: rather than thinking about the
information carried by particular everts, we want to estimate the information
carried by long stretches of the neural response. Again the idea is straightfor-
ward [73 [73]: useShannon'sde nitions to write the mutual information between
stimuli and spikesin terms of di erence betweentwo ertropies, and then use
a long experiment to samplethe relevant distributions and thus estimate these
ertropies. The di cult y is that when we talk not about single everts but about
\long stretches of the neural response," the number of possibleresponsesis (ex-
ponertially) larger, and sampling is more di cult.  Much of the e ort in the
original papersthus is in corvincing oursehesthat we have cortrol over these
sampling problems.

Let us look at segmets of the spike train with length T, and within this
time we record the spike train with time resolution ; these parameters are
somewhatarbitrary , and we will needto vary them to be be sure we understand
what is going on. In this view, howewer, the responseis a \w ord" with K =
T=  letters; for small there can be only one or zero spikesin a bin and so
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the words are binary words, while for poorer time resolution we have a larger
alphabet. If we let the y watch a long movie, many dierent words will be
produced and with a little luck we can get a good estimate of the probability
distribution of thesewords, P (W). This distribution hasan entropy

X
Stotar (T; ) = P (W) log, P (W) (77)

W
which measuresthe size of the neuron's vocabulary and hencethe capacity of
the code given our parameters T and [cf. Eq. (@ and the subsequeh
discussion]. While a large vocabulary is a good thing, to corvey information |
have to assaiate words with particular things in a reproducible way. Here we
can shav the samemovie many times, and if we look acrossthe many trials at
a momert t relative to the start of the movie we again will seedi erent words
(since there is some noise in the response), and these provide samplesof the
distribution P (Wjt). This distribution in turn has an ertropy which we call
the noiseentropy sinceany variation in responseto the sameinputs constitutes

noisein the represemation of thoseinputs:E
* +

X
Shoise = P(Wijt) |ng P(Wijt) (78)
W t

whereh i denotesan averageovert and hence(by ergadicity) overthe ensenble
of sensoryinputs P[s]. Finally, the information that the neural responseprovides
about the sensoryinput is the di erence betweenthe total entropy and the noise
ertropy,

I (T; ) = Stotal (T; ) Snoise(T; ); (79)
asin Eq. (@). A few points worth emphasizing:

By using time averagesin place of ensenble averageswe can measurethe
information that the response provides about the sensoryinput without
any explicit coordinate system on the spaceof inputs and hence with-
out making any assumptionsabout which features of the input are most
relevant.

If we can samplethe relevant distributions for su cien tly large times win-
dows T, we expect that enropy and information will becomeextensive
guantities, sothat it makessenseto de ne ertropy rates and information
rates.

As we improve our time resolution, making smaller, the capacity of
the code Sioiay Must increase,but it is an experimental question whether
the brain hasthe timing accuracyto make e cien t useof this capacity.

22This is not to say that such variations might not provide information about something else,
but in the absenceof some other signal against which we can correlate this ambiguit y cannot
be resolved. It is good to keep in mind, however, that what we call noise could be signal,
while what we call signal really does constitute information about the input, independent of
any further hypotheses.
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The y's H1 neuron provides an ideal placeto do all of this becauseof the
extreme stabilit y of the preparation. In an e ort to kill o any concernsabout
sampling and statistics, Rob did a huge experiment with order one thousand
replays of the samelong movie [@, @] With this large data set we were able
to seethe onset of extensivity, so we extracted information and ertropy rates
(although this really isn't essetial) and we were able to explore a wide range
of time resolutions, 800 > > 2 ms. Note that = 800 ms correspnds to
courting spikesin bins that cortain typically thirt y spikes, while =2ms
correspnds to timing ead spike to within 5% of the typical interspike interval.
Over this range, the entropy of the spike train varies over a factor of roughly
40, illustrating the increasing capacity of the system to convey information
by making use of spike timing. The information that the spike train corveys
about the visual stimulus increasesin approximate proportion to the ertropy,
corresppnding to  50% e ciency, although we start to see some saturation
of information at the very highest time resolutions. Interestingly, this level
of e ciency (and its approximate constancy as a function of time resolution)
conrms an earlier measuremen of e ciency in medanosensorneurons from
frogs and crickets that used the ideas of decaling discussedin the previous
section [74].

What have we learned from this? First of all, the earliest experiments on
neural coding showed that the rate of spiking encales stimulus amplitude for
static stimuli, but this left open the question of whether the precisetiming of
spikescarriesadditional information. The rst application of information theory
to neurons(as far as| know) was MacKay and McCulloch's calculation of the
capacity of neuronsto carry information given di erent assumptionsabout the
nature of the code [E], and of coursethey drew attention to the fact that
the capacity increasesas we allow ne temporal details of the spike sequence
to becomedistinguishable symbols in the code. Even MacKay and McCulloch
were skeptical about whether real neurons could use a signi cant fraction of
their capacity, howewver, and other investigators were more than skeptical. The
debate about whether spike timing is important ragedon, and | think that one
of the important contributions of an information theoretic approac has been
to make precisewhat we might mean by “timing is important.’

There are two sensesn which the timing of action potentials could beimpor-
tant to the neural code. First there is the simple question of whether marking
spike arrival times to higher resolution really allows us to extract more infor-
mation about the sensoryinputs. We know (following MacKay and McCullo ch)
that if we use higher time resolution the entropy of the spike train increases,
and hencethe capacity to transmit information alsoincreases.The question is
whether this capacity is used,and the answer (for one neuron, under one set of
conditions ... ) is in Ref. [IE]: yes, unambiguously.

A secondnotion of spike timing being important is that temporal patterns
of spikes may carry more information than would be expected by adding the
cortributions of single spikes. Again the usual setting for this sort of codeisin a
population of neurons,but the questionis equally well posedfor patterns across
time in a single cell. Another way of asking the question is whether the high
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information rates obsened for the spike train asa whole are \just" a re ection

of rapid, large amplitude modulations in the spike rate.El Equation @ makes
clear that \information carried by rate modulations" is really the information

carried by single spikes. The results of Ref. ﬂl show that pairs of spikescan
carry more than twice the single spike information, and the analysis of longer
windows of responsesshaws that this synergy is maintained, so that the spike
train asawholeis carrying 30{50% more information than expectedby summing
the cortributions of single spikes. Thus the answer to the question of whether
temporal patterns are important, or whether there is \more than just rate" is
again: yes, unambiguously.

Theseresults on coding e ciency and synergy are surprisingly robust [IE]:
If we analyzethe responsesof H1 neuronsfrom many di erent ies, all watching
the samemovie, it is easyto seethat the ies are very di erentja veragespike
rates can vary by a factor of three among individuals, and by looking at the
details of how eadr y assaiates stimuli and responseswe can distinguish a
typical pair of ies from just 30msecof data. On the other hand, if we look
at the coding e ciency|the information divided by the total erntropy|this is
constart to within 10% acrossthe population of ies in our experiments, and
this high e ciency always has a signi cant cortribution from synergy beyond
single spikes.

The direct demonstration that the neural code is e cien t in this information
theoretic senseclearly dependson using complex, dynamic sensoryinputs rather
than the traditional quasistatic signals. We turned to thesedynamic inputs not
becausethey are challengingto analyzebut rather becausewe thought that they
would provide a better model for the problems encourtered by the brain under
natural conditions. This has becomepart of a larger e ort in the community
to analyze the way in which the nervous system deals with natural signals,
and it probably is fair to point out that this e ort has not been without its
share of cortroversies[lﬂ]. One way to settle the issueis to strive for ever more
natural experimental conditions. | think that Rob's recent experimerts hold the
record for “naturalness': rather than shaving moviesin the lab, he hastaken his
whole experiment outside into the woodswherethe ies are caugh and recorded
from H1 while rotating the y through angular trajectories lik e those obsened
for freely ying ies [@] This is an experimental tour de force (I can say this
without embarrassmeit sincel'm atheorist) becauseyou haveto maintain stable
electrical recordingsof neural activit y while the sampleis spinning at thousands
of degreesper secondand and acceleratingto reversedirection within 10 msec.
The reward is that spike timing is even more reproducible in the \wild" than in
the lab, coding e ciencies and information rates are higher and are maintained
to even smaller values

All of the results above point to the ideathat spiketrains really do provide an
e cien t represetation of the sensoryworld, at leastin one preciseinformation
theoretic sense.Many experimental groupsare exploring whether similar results

23 Note that in many casesthis formulation obscuresthe fact that the a single \large ampli-
tude modulation" is a bump in the ring rate with area of order one, so what might be called
a large rate change is really one spike.
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canbe obtained in other systems,in e ect askingif thesetheoretically appealing
features of the code are universal. Here | want to look at a di erent question,
namely whether this e cient code is xed in the nervous system or whether
it adapts and dewvelopsin responseto the surroundings. The ideasand results
that we have on theseissuesare, | think, someof the clearestevidenceavailable
for optimization in the neural code. Once again all the experiments are donein
Rob de Ruyter's lab using H1 asthe test case,and most of what we currently
know is from work by Naama Brenner and Adrienne Fairhall ['d Bd].

There are two reasonsto suspect that the e ciency we have measuredis
achieved through adaptation rather than through hard wiring. First, one might
guessthat a xed coding schemecould be soe cien t and informativ e only if we
choosethe right ensenble of inputs, and you have to trust me that we didn't
seard around among many ensenblesto nd the results that | quoted. Second,
under natural conditions the signals we want to encae are intermitten t|the
y may y straight, sothat typical angular velocities are 50 =se¢ or may
launch into acrobatics where typical velocities are 2000 =se¢ and there are
possibilities in between. At a much simpler level, if we look acrossa natural
scene,we nd regionswhere the variance of light intensity or contrast is small,
and nearby regionsin which it is large [@]. Obsenations on cortrast variance
in natural imagesled to the suggestionthat neuronsin the retina might adapt
in real time to this variance, and this was con rmed [BJ. Here we would like
to look at the parallel issue for velocity signalsin the y's motions sensitive
neurons.

In a way what we are looking for is really contained in Laughlin's model
problem discussedabove. Supposethat we could measurethe strategy that
the y actually usesfor corverting cortinuous signals into spikes; we could
characterize this by giving the probability that a spike will be generatedat t
giventhe signal s( < t), which is what we have called the ring rate r]t; s( )].
We are hoping that the neuron sets this coding strategy using some sort of
optimization principle, although it is perhapsnot so clear what constraints are
relevant oncewe move from the model problem to the real neurons. On the other
hand, we can say something about the nature of suc optimization problems if
we think about scaling: when we plot r[s], what setsthe scalealong the s axis?

We know from the previous section that there is a limit to the smallest
motion signalsthat can be reliably estimated, and of coursethere is a limit to
the highest velocities that the systemcan deal with (if you move su cien tly fast
everything blurs and vision is impossible). Happily, most of the signalswe (and
the y) dealwith are well away from theselimits, which are themselesrather
far apart. But this meansthat there is nothing intrinsic to the system which
setsthe scalefor measuringangular velocity and encaling it in spikes,soif r[s]
is to emergeas the solution to an optimization problem then the scale along
the s axis must be determined by outside world, that is by the distribution
P[s] from which the signals are drawn. Further, if we scalethe distribution
of inputs, P[s]! P [s] then the optimal coding strategy also should scale,
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ris] ! r[s]ﬂ The prediction, then, is that if the system can optimize its
coding strategy in relation to the statistical structure of the sensoryworld, then
we should be able to draw signals from a family of scaled distributions and
seethe input/output relations of the neurons scalein proportion to the input
dynamic range. To make a long story short, this is exactly what we sav in H1
I]E]Tﬁgle obsenation of scalingbehavior is suc a complexsystemcertainly warms
the hearts of physicists who grew up in a certain era. But Naama realized that
onecould do more. The obsenation of scalingtells us (experimertally!) that the
system has a choice among a one parameter family of input/output relations,
and so we can ask why the system choosesthe onethat it does. The answer is
striking: the exact scalefactor chosenby the systemis the one that maximizes
information transmission.

If the neural code is adapting in responseto changesof the input distribution,
and further if this adaptation senesto maximize information transmission, then
we should be able to make sudden a change between two very di erent input
distributions and \catch" the systemusing the wrong code and hencetransmit-
ting lessthan the maximum possibleinformation. As the systemcollectsenough
data to be sure that the distribution has changed, the code should adapt and
information transmission should recover. As with the simpler measuremets of
information transmission in steady state, the idea here is simple enough but
nding an experimental designthat actually givesenoughdata to avoid all sta-
tistical problemsis a real challenge,and this is what Adrienne did in Ref. [.
The result is clear: when we switch from one P[s] to another we can detect the
drop in e ciency of information transmission assiated with the use of the old
code in the new distribution, and we can measurethe time courseof information
recovery asthe code adapts. What surprisedus (although it shouldn't have) was
the speed of this recovery, which can be complete in much lessthan 100 msec.
In fact, for the conditions of these experimerts, we can actually calculate how
rapidly an optimal processorcould make a reliable decision about the change
in distribution, and when the dust settles the answer is that the dynamics of

24I'm being a little sloppy here: s is really a function of time, not just a single number, but
| hope the idea is clear.

25There is onetechnical issuein the analysis of Ref. [E] that | think is of broader theoretical
interest. In trying to characteriz ethe input/outp ut relation r[t;s( )] we face the problem that
the inputs s( ) really livein a function space,or in more down to earth terms a space of very
large dimensionalit y. Clearly we can't just plot the function r[t;s( )] in this space. Further,
our intuition is that neurons are not equally sensitive to all of the dimensions or features of
their inputs. To make progress (and in fact to get the scaling results) we have to make this
intuition precise and nd the relevant dimensions in stimulus space; along the way it would
be nice to provide some direct evidence that the number of dimensions is actually small (!).
If we are willing to consider Gaussian P[s( )], then we can show thap by computing the right
correlation functions betweens( ) and the stream of spikes (t) = - (t  tj) we can both
count the number of relevant dimensions and provide an explicit coordinate system on the
relevant subspace [E @] These techniques are now being used to analyze other systems as
well, and we are trying to understand if we can make explicit use of information theoretic
tools to move beyond the analysis of Gaussian inputs and low order correlation functions. |
nd the geometrical picture of neurons as selective for a small number of dimensions rather
attractiv e as well being useful, but it is a bit o the point of this discussion.

46



the adaptation that we seein the y are running within a factor of two of the
maximum speedset by theselimits to statistical inferenceE|

| have the feeling that my presenation of theseideas mirrors their dewel-
opmert. It took us a long time to build up the tools that bring information
theory and optimization principles into contact with real experiments on the
neural coding of complex, dynamic signals. Once we have the tools, however,
the results are clear, at least for this one systemwhere we (or, more precisely
Rob) can do almost any experiment we want:

Spike trains convey information about natural input signalswith  50%
e ciency down to millisecond time resolution.

This e ciency is enhancedsigni cantly by synergistic coding in which
temporal patterns of spikesstand for more than the sum of their parts.

Although the detailed structure of the neural code is highly individualized,
thesebasic features are strikingly constart acrossindividuals.

Coding e ciency and information rates are higher under more natural
conditions.

The obsened information transmission rates are the result of an adaptive
coding scheme which takesa simple scaling form in responseto changes
in the dynamic range of the inputs.

The precise choice of scaleby the real code is the one which maximizes
information transmission.

The dynamics of this adaptation processare almost as fast as possible
given the needto collect statistical evidencefor changesin the input dis-
tribution.

I think it is fair to say that this body of work provides very strong evidence
in support of information theoretic optimization asa \design principle" within
which we can understand the phenomenologyof the neural code.

5 Learning and complexit y

The world around us, thankfully, is a rather structured place. Whether we are
doing a careful experiment in the laboratory or are gathering sensedata on a
walk through the woods, the signalsthat arriveat our brains arefar from random
noise;there appear to be someunderlying regularities or rules. Surely one task

26 Again there is more to these experiments than what | have emphasized here. The process
of adaptation in fact has multiple time scales,ranging from tens of milliseconds out to many
minutes. These rich dynamics o er possibilities for longer term statistical prop erties of the
spike train to resolve the ambiguities (how doesthe y know the absolute scale of velocity
if it is scaled away?) that arise in any adaptiv e coding scheme. The result is that while
information about the scaled stimulus recovers quickly during the pro cessof adaptation, some
information about the scale itself is preserved and can be read out by simple algorithms.
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our brain must faceis the learning or extraction of theserules and regularities.
Perhapsthe simplest exampleof learning arule is tting a function to datajw e
believe in advancethat the rule belongsto a classof possiblerules that can be
parameterized, and as we collect data we learn the values of the parameters.
This simple exampleintroducesus to many deepissues:

If there is noisein the data then really we are trying to learn a probabilit y
distribution, not just a functional relation.

We would like to comparemodels (classesof possiblerules) that have dif-
ferert numbersof parameters,and incorporate the intuition that “simpler'
models are better.

We might like to step outside the restrictions of nite parameterization
and considerthe possibility that the data are described by functions that
are merely 'smaooth' to somedegree.

We would liketo quantify how much we are learning (or how much can be
learned) about the underlying rules.

In the last decadeor so, a rich literature has emerged,tackling these problems
with a sophistication far beyond the curve tting exerciseghat we all performed
in our student physicslaboratories. | will try to take a path through thesedewel-
opmerts, emphasizingthe connectionsof these learning problems to problems
in statistical medianics and the implications of this statistical approac for an
information theoretic characterization of how much we learn. Most of what |
have to say on this subject is drawn from collaborations with Ilya Nemenman
and Tali Tishby [B3, B4, Bg); in particular the rst of these papers is long and
has lots of referenceso more standard things which | will outline here without
attribution.

Let's just plunge in with the classicexample: We obsene two streams of
data x andy, or equivalertly a stream of pairs (x1;¥1), (X2;¥Y2), , (XNGYND-
Assume that we know in advance that the x's are drawn independerily and
at random from a distribution P (x), while the y's are noisy versionsof some
function acting on x,

Yo = f(Xn; )+ (80)
where f (x; ) is one function from a classof functions parameterized by
f 1; 27 ; kgand , isnoise,which for simplicity we will assumeis Gaussian

with known standard deviation . We can ewen start with a very simple case,
where the function classis just a linear combination of basisfunctions, so that

f(x; )= (x): (81)

The usual problem is to estimate, from N pairs fX;;yig, the values of the pa-
rameters ; in favorable casessuc as this we might even be able to nd an
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e ectiv e regressionformula. Probably you were taught that the way to do this
is to compute 2,
2 X 2
= Do far N (82)

n

and then minimize to nd the correct parameters . You may or may not have
beentaught why this is the right thing to do.

With the model described above, the probability that we will obsene the
pairs f xj; yig can be written as

. N 5 2. Y
P(fxi;yigi )= exp Eln(Z ) 572 P (Xn); (83)
n

assumingthat we know the parameters. Thus nding parameterswhich mini-
mize 2 alsoseresto maximize the probabilit y that our model could have given
rise to the data. But why is this a good idea?

We recall that the entropy is the expectation value of logP, and that it
is possibleto encale signals so that the amount of \space" required to specify
ead signal uniquely is on averageequal to the ertropyEl With a little more
work one can shaw that ead possiblesignal s drawn from P (s) can be encaled
in a spaceof log, P(s) bits. Now any model probabilit y distribution implicitly
de nes a scheme for coding signals that are drawn from that distribution, so
if we make sure that our data have high probability in the distribution (small
valuesof logP) then we alsoare making surethat our code or represemation
of these data is compact. What this meansis that good old fashioned curve
tting really is all about nding e cient represemations of data, precisely the
principle enunciated by Barlow for the operation of the nervous system (!).

If we follow this notion of e cien t represemation a little further we can do
better than just maximizing 2. The claim that a model provides a code for the
data is not complete, becauseat somepoint | have to represet my knowledge
of the model itself. One ideais to do this explicitly|estimate how accurately
you know ead of the parameters,and then count how many bits you'll needto
write down the parametersto that accuracyand add this to the length of your
code; this is the point of view taken by Risannenand others in a set of ideas
called \minim um description length" or MDL. Another idea is more implicit|
the truth is that | don't really know the parameters, all | do is estimate them
from the data, soit's not so obvious that | should separate coding the data
from coding the parameters (although this might emergeasan approximation).
In this view what we should do is to integrate over all possible values of the
parameters,weighted by someprior knowledge(maybejust that the parameters

27This is obvious for uniform probabilit y distribution swith 2" alternativ es, since then the
binary number representing each alternativ e is this code we want. For nonuniform distribu-
tions we need to think about writing things down many times and taking an average of the
space we use each time, and the fact that the answer comes out the same (as the entropy)
hinges on the \t ypicalit y" of such data streams, which is the information theorist's way of
talking about the equivalence of canonical and micro canonical ensenbles.
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are bounded), and thus compute the probabilit y that our data could have arisen
from the classof models we are considering.

To carry out this program of computing the total probability of the data
given the model classwe needto do the integral

Z
P (fxi;yigjclass) = d< P( )PIfxi;vigi 1] (84)
..Y #
= P (xn)
yd N )
d¢ P( )exp ?In(z 2) 57 (85)

But remenber that 2 aswe have de ned it is a sum over data points, which
meanswe expect it (typically) will be proportional to N. This meansthat at
largeN weare doing an integral in which the exponertial hasterms proportional
to N|Jand so we should use a saddle point approximation. The saddle point
of courseis closeto the placewhere ? is minimized, and then we do the usual
Gaussian (one loop) integral around this point; actually if we stick with the
simplest case of Eq. (@) then this Gaussian approximation becomesexact.
When the dust settles we nd
X 2. K

In P (f xi; yigjclass)= INP(xn) + % t 5 InN + (86)

n

and we recall that this measureghe length of the shortest code for f x;; yig that
can be generatedgiven the classof models. The rst term averagesto N times
the entropy of the distribution P (x), which makes sensesince by hypothesis
the x's are being chosenat random. The secondterm is as before, essetially
the length of the code required to describe the deviations of the data from the
predictions of the best t model; this also grows in proportion to N. The third
term must be related to coding our knowledge of the model itself, since it is
proportional to the number of parameters. We can understand the (1=2)In N
becauseead parameter is determinedto an accuracyof 1= N, soif we start
with a parameter spaceof size 1 there is a reduction in volume by a factor
of N and hence a decreasein ertropy (gain in information) by (1=2)InN.
Finally, the terms  don't grow with N.

What is crucial about the term (K=2)In N is that it depends explicitly on
the number of parameters. In generalwe expect that by consideringmodelswith
more parameters we can get a better t to the data, which meansthat 2 can
be reducedby consideringmore complexmodel classes.But we know intuitiv ely
that this hasto stop|w e don't want to usearbitrarily complex models, even if
they do provide agood t to what we have seen. It is attractiv e, then, that if we
look for the shortest code which can be generatedby a classof models, there is
an implicit penalty or coding costfor increasedcomplexity. It is interesting from
a physicist's point of view that this term emergesessetially from consideration
of phasespaceor volumesin model space. It thusis an entropy{lik e quartity in
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its own right, and the selection of the best model classcould be thought of as
a tradeo betweenthis entropy and the \energy" measuredby 2. If we keep
going down this line of thought we can imagine a thermodynamic limit with
large numbers of parametersand data points, and there can be \aha!" typesof
phasetransitions from poor ts to good ts aswe increasethe ratio N=K [.

The reasonwe need to cortrol the complexity of our models is because
the real problem of learning is neither the estimation of parameters nor the
compact represemation of the data we have already seen. The real problem
of learning is genealization: we want to extract the rules underlying what we
have seenbecausewe believe that theserules will continue to be true and hence
will describe the relationships among data that we will obsere in the future.
Our experienceis that overly complex models might provide a more accurate
description of what we have seenso far but do a bad job at predicting what we
will seenext. This suggeststhat there are connections between predictabilit y
and complexity.

There is in fact a completely di erent motivation for quartifying complexity,
and this is to make precisean impressionthat somesystems,suc aslife on earth
or aturbulent uid ow, ewlvetoward a state of higher complexity; one might
even like to classify these states. These problems traditionally are in the realm
of dynamical systemstheory and statistical physics. A certral dicult y in this
e ort is to distinguish complexity from randomnessi|tra jectories of dynamical
systemscan be regular, which we take to mean\simple" in the intuitiv e sense,
or chaotic, but what we mean by complex is somewherein between. The eld
of complexology (as Magnascolikesto call it) is lled with multiple de nitions
of complexity and confusing remarks about what they all might mean. In this
noisy ervironment, there is a wonderful old paper by Grasshkerger @] which
givesa clear signal: Systemswith regular or chaotic/random dynamics share
the property that the ertropy of sampletrajectoriesis almost exactly extensive
in the length of the trajectory, while for systemsthat we identify intuitiv ely
as being complex there are large corrections to extensivity which can even di-
verge as we take longer and longer samples. In the end Grassbkerger suggested
that these subextensive terms in the ertropy really do quantify our intuitiv e
notions of complexity, although he made this argumert by examplerather than
axiomatically .

We can connectthe measuresof complexity that arisein learning problems
with those that arise in dynamical systemsby noticing that the subextensive
componerts of entropy identied by Grasshbergerin fact determine the informa-
tion available for making predictionsﬁ This also suggestsa connectionto the
importance or value of information, especially in a biological or economiccon-
text: information is valuable if it can be usedto guide our actions, but actions
take time and henceobsened data can be useful only to the extent that those
data inform us about the state of the world at later times. It would be attrac-
tive if what we identify as\complex" in a time serieswere also the \useful" or

28The text of the discussion here follows Ref. [Q] rather closely, and | thank my colleagues
for permission to include it here.
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\meaningful" componerts.

While prediction may comein various forms, depending on context, infor-
mation theory allows us to treat all of them on the same footing. For this
we only needto recognizethat all predictions are probabilistic, and that, even
before we look at the data, we know that certain futures are more likely than
others. This knowledge can be summarized by a prior probability distribution
for the futures. Our obsenations on the past lead usto a new, moretightly con-
certrated distribution, the distribution of futures conditional on the past data.
Di erent kinds of predictions are di erent slicesthrough or averagesover this
conditional distribution, but information theory quanti es the \concentration"
of the distribution without making any commitment as to which averageswill
be most interesting.

Imagine that we obsene a stream of data x(t) over a time interval T <
t < 0; let all of these past data be denoted by the shorthand xpast. We are
interested in saying something about the future, sowe want to know about the
data x(t) that will be obsened in the time interval 0< t < T let thesefuture
data be called xsyre - In the absenceof any other knowledge,futures are drawn
from the probabilit y distribution P (Xqwre ), While obsenations of particular past
data Xpast tell us that futures will be drawn from the conditional distribution
P (Xfuture jXpast). The greater concerration of the conditional distribution can
be quanti ed by the fact that it hassmaller entropy than the prior distribution,
and this reduction in ertropy is the information that the past provides about
the future. We can write the averageof this predictive information as

* +
lrea (T;T9 = log, © Kiuwre Ppast) ()F(,“(‘;‘(‘;etjx";‘s‘) (87)
uture
= h |ng P (Xfuture )| Hng P (Xpas[)i
[ h log, P (Xuture ;Xpast)i] ; (88)

where h i denotesan averageover the joint distribution of the past and the
future, P (Xfuture ; Xpast )-

Each of the terms in Eq. ( is an ertropy. Since we are interested in
predictabilit y or generalization, which are asseiated with somefeatures of the
signal persisting forever, we may assumestationarity or invariance under time
translations. Then the ertropy of the past data depends only on the duration
of our obsenations, sowe canwrite h log, P (Xpast)i = S(T), and by the same
argumert h log, P (Xfuwre )i = S(T9. Finally, the ertropy of the past and the
future taken together is the entropy of obsenations on a window of duration
T + TY sothat h log, P (Xsuwre ; Xpast)i = S(T + T9. Putting these equations
together, we obtain

Lprea (T; TO) = S(T) + S(T9)  S(T + T%: (89)

In the sameway that the ertropy of a gasat xed density is proportional to
the volume, the entropy of a time series(asymptotically) is proportional to its
duration, sothat limty;;  S(T)=T = Sp; entropy is an extensive quantity. But
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from Eq. () any extensive componert of the ertropy cancelsin the computa-
tion of the predictive information: predictability is a deviation from extensivity.
If we write

S(T) = SoT + Su(T); (90)

then Eg. (@) tells us that the predictive information is related only to the
nonextensive term S;(T).

We know two general facts about the behavior of S;(T). First, the correc-
tions to extensive behavior are positive, S;(T) 0. Second,the statemert that
ertropy is extensiwe is the statemert that the limit

Jim S(T)=T = So (91)

exists, and for this to be true we must alsohavelimtyy  S;(T)=T = 0: Thusthe
nonextensiwe terms in the entropy must be sukextensiwe, that is they must grow
with T lessrapidly than alinear function. Takentogether, thesefacts guarantee
that the predictive information is positive and subextensive. Further, if we let
the future extend forward for a very long time, T®! 1 , then we can measure
the information that our sample provides about the ertire future,

lpred (T) = Tloi!rln I pred (T;TO) = S(T); (92)

and this is precisely equal to the subextensive ertropy.

If we have beenobserving a time seriesfor a (long) time T, then the total
amount of data we have collected in is measuredby the ertropy S(T), and at
large T this is given approximately by SpT. But the predictive information
that we have gathered cannot grow linearly with time, even if we are making
predictions about a future which stretches out to in nit y. As a result, of the
total information we have takenin by observingx,ast, only a vanishing fraction
is of relevanceto the prediction:

im Predictive Information _ lpreq (T) ,
Ti1 Total Information ~  S(T)

0: (93)

In this precise sense,most of what we obsene is irrelevant to the problem of
predicting the future.

Considerthe casewhere time is measuredin discrete steps, sothat we have
seenN time points x1;X2; ;Xn. How much is there to learn about the un-
derlying pattern in these data? In the limit of large number of obsenations,
N'! 1 orT! 1,the answerto this questionis surprisingly universal: pre-
dictiv e information may either stay nite, or grow to in nit y together with T;
in the latter casethe rate of growth may be slow (logarithmic) or fast (sublinear
power).

The rst possibility, limtiy  lpreda (T) = constart, meansthat no matter
how long we obsene we gain only a nite amount of information about the
future. This situation prevails, in both extreme casesmertioned above. For
example, when the dynamics are very regular, as for a purely periodic system,
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complete prediction is possible once we know the phase,and if we samplethe
data at discretetimes this is a nite amount of information; longer period orbits
intuitiv ely are more complex and also have larger | preq , but this doesn't change
the limiting behavior limti1  1yeq (T) = constart.

Similarly, the predictive information can be small when the dynamics are
irregular but the best predictions are cortrolled only by the immediate past, so
that the correlation times of the obsenable data are nite. This happens, for
example, in many physical systemsfar away from phasetransitions. Imagine,
for example, that we obsene x(t) at a seriesof discrete times ft,g, and that
at ead time point we nd the value x,. Then we always can write the joint
distribution of the N data points as a product,

P(X1;X2;  iXn) = PX)P(X2jx1)P(X3jX2;X1) (94)

For Markov processeswhat we obsene at t, depends only on ewverts at the
previous time step t, 1, sothat

P(XnjfX1 i n 10) = P(XnjXn 1); (95)
and hencethe predictive information reducesto
* +
_ P (XnjXn 1)

The maximum possiblepredictive information in this caseis the entropy of the
distribution of statesat onetime step, which in turn is boundedby the logarithm
of the number of accessiblestates. To approac this bound the system must
maintain memory for a long time, since the predictive information is reduced
by the ertropy of the transition probabilities. Thus systemswith more states
and longer memorieshave larger values of | preq .

Problem 10: Bro wnian motion of a spring. Consider the Brownian motion of an
overdamped particle bound a spring. The Langevin equation describing the particle
position x(t) is

dx(t)
dt

where is the damping constart, is the stiness of the spring, Fex (t) is an ex-
ternal force that might be applied to the particle, and F(t) is the Langevin force.
The Langevin force is random, with Gaussian statistics and white noise correlation
properties,

+ X (1) = Fex (1) + F(t); 97)

hFE@) F(t% =2 ke T (t t9: (98)
Show that the correlation function has a simple exponertial form,
hx()x(t%i = %iexp(j t  t9=¢); (99)

and evaluate the correlation time. Now take the original Langevin equation and form
a discrete version, introducing a small time step t; be sure that your discretization
presenes exactly the obsenable variance hx?i. You should be able to nd a natural
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discretization in which the evolution of x is Markovian, and then you can compute
the predictiv e information for the time seriesx(t). How does this result depend on
temperature? Why? Express the dependenceon t in units of the correlation time
¢. Is there a well de ned limit as t! 0? Again, why (or why not)?

More interesting are those casesin which |,eq (T) divergesat large T. In
physical systemswe know that there are critical points where correlation times
becomein nite, sothat optimal predictions will be in uenced by ewerts in the
arbitrarily distant past. Under these conditions the predictive information can
grow without bound as T becomeslarge; for many systemsthe divergenceis
logarithmic, lpeq(T! 1)/ logT.

Long range correlation also are important in a time serieswhere we can
learn someunderlying rules, as in the discussionof curve tting that started
this section. Sincewe saw that curve tting with noisy data really involvesa
probabilistic model, let us talk explicitly about the more general problem of
learning distributions. Suppose a series of random vector variables fx;g are
drawn independerily from the sameprobability distribution Q(%j ), and this
distribution dependson a (potentially in nite dimensional) vector of parameters

. The parametersare unknown, and before the seriesstarts they are chosen
randomly from a distribution P( ). In this setting, at least implicitly , our
obsenations of fx;g provide data from which we can learn the parameters
Here we put aside(for the momert) the usual problem of learning|whic h might
involve constructing some estimation or regressionscheme that determines a
\b est t" from the data fx;gland treat the ensenble of data streamsP [f xq]
aswe would any other setof con gurations in statistical mecanicsor dynamical
systemstheory. In particular, we can compute the entropy of the distribution
P[fxig] even if we can't provide explicit algorithms for solving the learning
problem.

As shawn in [E], the crucial quartity in such analysis is the density of
modelsin the vicinity of the target |the parametersthat actually generated
the sequence.For two distributions, a natural distancemeasureis the Kullback{
Leibler divergence,

z
. : Qlxj ) .
D (Ji )= dxQ(xj )log ok ) (100)
and the density is
z
(D; )= d° P()IID Dk (i (101)

If islargeasD ! 0, then one easily can get closeto the target for many
di erent data; thus they are not very informative. On the other hand, small
density meansthat only very particular data leadto , sothey carry a lot of
predictive information. Therefore, it is clearthat the density, but not the num-
ber of parametersor any other simplistic measure,characterizespredictabilit y
and the complexity of prediction. If, as often is the casefor dim < 1, the
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density behavesin the way commonto nite dimensional systemsof the usual
statistical medanics,

(D! 0, ) ADK 2=2. (102)

then the predictive information to the leading order is

K

The modern theory of learning is concernedin large part with quartifying
the complexity of a model class,and in particular with replacing a simple count
of parameters with a more rigorous notion of dimensionality for the spaceof
models; for a general review of these ideas seeRef. [, and for a discussion
closein spirit to this one seeRef. [@]. The important point here is that the
dimensionality of the model class,and hencethe complexity of the classin the
senseof learning theory, emergesasthe coe cien t of the logarithmic divergence
in I pred . Thus a measureof complexity in learning problems can be derived from
a more generaldynamical systemsor statistical mecanicspoint of view, treating
the data in the learning problem asa time seriesor onedimensionallattice. The
logarithmic complexity classthat we identify as being assaiated with nite
dimensional models also arises, for example, at the Feigerbaum accunulation
point in the period doubling route to chaos@l.

As noted by Grassbkergerin his original discussion,there are time seriesfor
which the divergenceof | peq is stronger than a logarithm. We can construct
an example by looking at the density function in our learning problem above:
nite dimensional models are ass@iated with algebraic deca/ of the density as
D ! 0, and we canimagine that there are model classesn which this deca is
more rapid, for example

(D! 0) Aexp[ B=D ]; > 0: (104)

In this caseit canbe shown that the predictiveinformation divergesvery rapidly,
as a sublinear power law,

lprea (N) N =0T (105)

One way that this scenario can arise is if the distribution Q(x) that we are
trying to learn doesnot belongto any nite parameterfamily, but is itself drawn
from a distribution that enforcesa degreeof smoothness[. Understandably,
stronger smoothnessconstraints have smaller powers (lessto predict) than the
weaker ones(more to predict). For example, a rather simple caseof predicting
aone dimerbsignal variable that comesfrom a cortin uous distribution produces
I pred (N ) N.

As with the logarithmic class, we expect that power{law divergencesin
lpred are not restricted to the learning problems that we have studied in de-
tail. The generalpoint is that suc behavior will be seenin problems where
predictability over long scales,rather then being controlled by a xed set of
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ever more precisely known parameters,is governed by a progressively more de-
tailed description|e ectiv ely increasingthe number of parameters|as we col-
lect more data. This seemsa plausible description of what happensin language,
where rules of spelling allow us to predict forthcoming letters of long words,
grammar binds the words together, and compositional unity of the ertire text
allows predictions about the subject of the last page of the book after reading
only the rst few. Indeed, Shannon's classic experiment on the predictabilit y
of English text (by human readers!) shows this behavior [@, @] and more re-
certly seweral groups have extracted power{law subextensive componerts from
the numerical analysis of large corpora of text.

Interestingly, even without an explicit example, a simple argument ensures
existenceof exponertial densitiesand, therefore, power law predictive informa-
tion models. If the number of parametersin a learning problem is not nite then
in principle it isimpossibleto predict anything unlessthere is someappropriate
regularization. If we let the number of parametersstay nite but becomelarge,
then there is more to be learned and correspndingly the predictive informa-
tion grows in proportion to this number. On the other hand, if the number of
parameters becomesin nite without regularization, then the predictive infor-
mation should goto zerosincenothing can be learned. We should be able to see
this happen in a regularized problem as the regularization weakens: evertually
the regularization would be insu cien t and the predictive information would
vanish. The only way this can happen is if the predictive information grows
more and more rapidly with N aswe weaken the regularization, until nally it
becomesextensive (equivalently, drops to zero) at the point where prediction
becomesmpossible. To realize this scenariowe haveto go beyond | yeq / logT
with lpeq / N = (+1) - the transition from increasing predictive information to
zerooccursas ! 1.

This discussionmakesit clearthat the predictive information (the subexten-
sive entropy) distinguishesbetween problems of intuitiv ely di erent complexity
and thus, in accordto Grasskerger's de nitions @] is probably a good choice
for a universal complexity measure.Can this intuition be made more precise?

First we needto decidewhether we want to attach measuresof complexity
to a particular signal x(t) or whether we are interested in measuresthat are
de ned by an average over the ensenble P[x(t)]. One problem in assigning
complexity to single realizations is that there can be atypical data streams.
Second,Grassberger@] in particular hasarguedthat our visual intuition about
the complexity of spatial patterns is an ensenble concept, even if the ensenble
is only implicit. The fact that we admit probabilistic modelsis crucial: even
at a colloquial level, if we allow for probabilistic modelsthen there is a simple
description for a sequencef truly random bits, but if we insist on a deterministic
model then it may be very complicatedto generatepreciselythe obsened string
of bits. Furthermore, in the context of probabilistic modelsit hardly makessense
to ask for a dynamics that generatesa particular data stream; we must ask for
dynamics that generate the data with reasonable probability, which is more
or lessequivalent to asking that the given string be a typical member of the
ensenble generatedby the model. All of these paths lead us to thinking not

57



about singlestrings but about ensenblesin the tradition of statistical mecanics,
and so we shall seart for measuresof complexity that are averagesover the
distribution P[x(t)].

Once we focus on average quarntities, we can provide an axiomatic proof
(much in the spirit of Shannon's[@] argumerts establishingertropy asa unique
information measure)that links 1,4 to complexity. We can start by adopting
Shannon'spostulates as constraints on a measureof complexity: if there are N
equally lik ely signals,then the measureshould be monotonic in N ; if the signal
is decomposableinto statistically independert parts then the measureshould be
additiv e with respect to this decomposition; and if the signal can be described
asaleafon a tree of statistically independert decisionsthen the measureshould
be a weighted sum of the measuresat ead branching point. We believe that
these constraints are as plausible for complexity measuresas for information
measures,and it is well known from Shannon's original work that this set of
constraints leavesthe erntropy asthe only possibility. Since we are discussing
a time dependert signal, this entropy dependson the duration of our sample,
S(T). Weknow of coursethat this cannot be the end of the discussion,because
we needto distinguish betweenrandomness(entropy) and complexity. The path
to this distinction is to introduce other constraints on our measure.

First we notice that if the signal x is corntinuous, then the ertropy is not
invariant under transformations of x, even if these reparamterizations do not
mix points at di erent times. It seemsreasonableto ask that complexity be a
function of the processwe are observing and not of the coordinate system in
which we chooseto record our obsenations. However, it is not the whole func-
tion S(T) which dependson the coordinate systemfor x; it is only the extensive
componert of the entropy that has this noninvariance. This can be seenmore
generally by noting that subextensive terms in the entropy cortribute to the
mutual information amongdi erent segmets of the data stream (including the
predictiveinformation de ned here), while the extensiwe entropy cannot; mutual
information is coordinate invariant, so all of the noninvariance must reside in
the extensive term. Thus, any measurecomplexity that is coordinate invariant
must discard the extensive componert of the ertropy.

If we contin ue along theselines, we canthink about the asymptotic expansion
of the entropy at large T. The extensive term is the rst term in this series,and
we have seenthat it must be discarded. What about the other terms? In the
context of predicting in a parameterizedmodel, most of the terms in this series
depend in detail on our prior distribution in parameter space,which might seem
odd for a measureof complexity. More generally; if we considertransformations
of the data stream x(t) that mix points within atemporal window of size , then
for T >> the entropy S(T) may have subextensive terms which are constart,
and these are not invariant under this classof transformations. On the other
hand, if there are divergen subextensive terms, these are invariant under suc
temporally local transformations. So if we insist that measuresof complexity
be invariant not only under instantaneouscoordinate transformations, but also
under temporally local transformations, then we can discard both the extensive
and the nite subextensive terms in the entropy, leaving only the divergert
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subextensive terms as a possiblemeasureof complexity.

To illustrate the purpose of these two extra conditions, we may think of
measuringthe velocity of aturbulent uid o w at agivenpoint. The condition of
invariance under reparameterizationsmeansthat the complexity is independen
of the scaleusedby the speedometer.On the other hand, the secondcondition
ensuresthat the temporal Itering dueto the nite inertia of the speedometer's
needledoesnot changethe estimated complexity of the o w.

| believe that these arguments (or their slight variation also preserted in
[@]) settle the question of the unique de nition of complexity. Not only is
the divergernt subextensive componert of the ertropy the unique complexity
measure,but it is also a universal one sinceit is connectedin a straightforward
way to many other measuresthat have arisen in statistics and in dynamical
systemstheory. In my mind the really big open question is whether we can
connect any of these theoretical developmens to experiments on learning by
real animals (including humans).

| have emphasizedthe problem of learning probabilit y distributions or prob-
abilistic models rather than learning deterministic functions, assiations or
rules. In the previous section we have discussedexampleswhere the nervous
system adapts to the statistics of its inputs; these experiments can be thought
of as a simple example of the system learning a parameterized distribution.
When making saccadiceye movemerts, human subjects alter their distribution
of reaction times in relation to the relative probabilities of di erent targets, as
if they had learned an estimate of the relevant lik elihood ratios [E]. Humans
alsocan learn to discriminate almost optimally betweenrandom sequencegfair
coin tosses)and sequenceghat are correlated or anticorrelated according to a
Markov process;this learning can be accomplishedfrom examplesalone, with
no other feedbak [@]. Acquisition of languagemay require learning the joint
distribution of successig phonemes,syllables, or words, and there is direct ev-
idence for learning of conditional probabilities from arti cial sound sequences,
both by infants and by adults [E, .

Classical examples of learning in animals|suc h as eye blink conditioning
in rabbitsjalso may harbor evidenceof learning probabilit y distributions. The
usual experiment is to play a brief soundfollowedby apu of air to the eyes,and
then the rabbit learnsto blink its eye at the time when the air pu is expected.
But if the time between a sound and a pu of air to the eyesis chosenfrom
a probability distribution, then rabbits will perform graded movemerts of the
eyelid that seemto more or lesstrace the shape of the distribution, asif trying to
have the exposure of the eye matched to the (inverse)lik elihood of the noxious
stimulus [@]. These examples, which are not exhaustive, indicate that the
nervous systemcan learn an appropriate probabilistic model, and this o ers the
opportunit y to analyzethe dynamics of this learning using information theoretic
methods: What is the ertropy of N successig reaction times following a switch
to a new set of relative probabilities in the saccadeexperiment? How much
information doesa singlereaction time provide about the relevant probabilities?

Using information theory to characterize learning is appealing becausethe
predictive information in the data itself (that is, in the data from which the
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subject is being asked to learn) setsa limit on the generalization power that the
subject hasat his or her disposal. In this sensel y,eq provides an absolute stan-
dard against which to measurelearning performancein the sameway that spike
train ertropy provides a standard against which to measurethe performance of
the neural code. I'm not really sure how to do this yet, but | canimagine that
an information theoretic analysis of learning would thus lead to a measuremenh
of learning e ciency [ that parallels the measuremen of coding e ciency or
even detection e ciency in photon courting. Givenour classi cation of learning
tasks by their complexity, it would be natural to askif the e ciency of learning
were a critical function of task complexity: perhapswe can even identify a limit
beyond which e cien t learning fails, indicating a limit to the complexity of the
internal model usedby the brain during a classof learning tasks.

6 A little bit about molecules

It would be irresponsible to spend this many hours (or pages)on the brain
without saying somethingthat touchesthe explosionin our knowledgeof what
happens at the molecular level. Electrical signalsin neurons are carried by
ions, sud as potassium or sadium, o wing through water or through special-
ized conducting pores. These pores, or channels, are large molecules(proteins)
embedded in the cell membrane, and can thus respond to the electric eld or
voltage acrossthe membrane. The coupled dynamics of channels and voltages
makesead neuroninto a nonlinear circuit, and this seemsto be the molecular
basisfor neural computation. Many cellshave the property that thesenonlinear
dynamics selectstereotyped pulsesthat can propagate from onecell to another;
these action potentials are the dominant form of long distance cell to cell com-
munication in the brain, and our understanding of how these pulses occur is
one the triumphs of the (now) classical biophysics.' Signalsalso can be carried
by small molecules,which trigger various chemical reactions when they arrive
at their targets. In particular, signal transmission acrossthe synapse,or con-
nection betweentwo neurons, involves such small molecule messengersalled
neurotransmitters. Calcium ions can play both roles, moving in response to
voltage gradients and regulating a number of important biochemical reactions
in living cells, thereby coupling electrical and chemical everts. Chemical events
can read into the cell nucleusto regulate which protein molecules|whic h ion
channels and transmitter receptors|the cell produces. We will try to get a
feeling for this range of phenomena, starting on the bad of an ervelope and
building our way up to the facts.

lons and small moleculesdi use freely through water, but cells are sur-
rounded by a membrane that functions as a barrier to di usion. In particular,
thesemembranesare composedof lipids, which are nonpolar, and therefore can-
not screenthe charge of an ion that tries to passthrough the membrane. The
water, of course,is polar and doesscreenthe charge, sopulling an ion out of the
water and pushingit through the membrane would require surmourting a large
electrostatic energy barrier. This barrier meansthat the membrane provides
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an enormousresistanceto current ow between the inside and the outside of
the cell. If this were the whole story there would be no electrical signalling in
biology. In fact, cells construct speci ¢ poresor channelsthrough which ions
can pass,and by regulating the state of these channelsthe cell can control the
o w of electric current acrossthe membrane.

lon channelsare themselvesmolecules,but very large ones|they are proteins
composedof seweral thousand atoms in very complex arrangemens. Let's try,
howewer, to ask a simple question: If we open a pore in the cell membrane, how
quickly canions passthrough? More precisely sincethe ions carry current and
will move in responseto a voltage di erence acrossthe membrane, how large is
the current in responseto a given voltage? We recall that the ratio of current
to voltage is called conductance,so we are really asking for the conductanceof
an open channel. Again we only want an order of magnitude estimate, not a
detailed theory.

Imagine that one ion channel senes, in e ect, as a hole in the membrane.
Let us pretend that ion o w through this hole is essetially the sameasthrough
water. The electrical current that o ws through the channel is

J = gon [ionic ux] [channelarea] (106)

wheregon, is the chargeof oneion, and werecall that ~ ux' measureshe current
acrossa unit area, sothat

ions _ ions cm

ionic ux = = — (207)
cm?s  cm® s

= [ionic concerration] [velocity of oneion] (108)

= cv. (109)

Major current carriers like sodium and potassium are at ¢ 100 milliMolar,

orc 6 10Y ionsscm®. The averagevelocity is related to the applied force
through the mobility , the force on anion is in turn equalto the electric eld

times the ionic charge, and the electric eld is (roughly) the voltage di erence
V acrossthe membrane divided by the thickness™ of the membrane:

\Y D \Y
V= dionE  Qion~ kB—TCIion - (110)

where in the last step we recall the Einstein relation between mobility and
di usion constart. Putting the various factors together we nd the current

J = QGon [ionic ux] [channelarea]
= Gon [oV] [ d’=4] (111)
Z%n T keT (112)

where the channel has a diameter d. If we assumethat the ion carries one
electronic charge, asdoessadium, potassium, or chloride, then g, = 1:6 10 *°
C and

GonV _ \Y

= : 113
ke T 25mvV (113)
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Typical valuesfor the channel diameter should be comparableto the diameter
of a singleion, d  0:3 nm, and the thicknessof the membraneis~ 5 nm.
Di usion constarts for ionsin waterareD 2 10 °m?=segor 2( m)’=seg
which is a more natural unit. Plugging in the numbers,

3 o= g (114)
g 2 10 ' AmperesVolt = 20 picoSiemens (115)

So our order of magnitude argumert leadsus to predict that the conductance
of an open channel is roughly 20 pS, which is about right experimentally .

Empirically , cell membraneshave resistancesof R, 10 ohm=cm?, or con-
ductancesof G, 10 3S=cn?. If ea open channel cortributes roughly 10pS,
then this membrane conductance correspnds to an averagedensity of  10°
open channels per cm?, or roughly one channel per square micron. This is
correct but misleading. First, they are many channels which are, at onetime,
not open; indeed the dynamics with which channels open and close is very
important, as we shall seemomentarily. Second,channels are not distributed
uniformly over the cell surface. At the synapse,or connection betweentwo neu-
rons, the postsynaptic cell has channelsthat open in responseto the binding
of the transmitter moleculesreleasedby the presynaptic cell. These ‘receptor
channels' form a nearly closepadked crystalline array in the small patch of cell
membrane that forms the closestcortact with the presynaptic cell, and there
are other examplesof great concertrations of channelsin other regions of the
cell.

Problem 11: Mem brane capacitance. From the facts given above, estimate the
capacitance of the cell membrane. You should get C 1 F=cm?.

Channels are protein molecules: heteropolymers of amino acids. As dis-
cussedby other lecturers here, there are twenty types of amino acid and a
protein can be anywhere from 50 to 1000 units in length. Channelstend to
be rather large, composedof sewral hundred amino acids; often there are sev-
eral subunits, ead of this size. For physicists, the “protein folding problem'
is to understand what it is about real proteins that allows them to collapse
into a unique structure. This is, to someapproximation, a question about the
equilibrium state of the molecule, since for many proteins we can “unfold' the
moleculeeither by heating or by chemical treatment and then recover the origi-
nal structure by returning to the original condition.ﬁ At presen, this problem
is attracting considerableattention in the statistical mecanics community. For
a biologist, the protein folding problem is slightly dierent: granting that pro-
teins fold into unique structures, one would like to understand the mapping
from the linear sequenceof amino acidsin a particular protein into the three di-
mensionalstructure of the folded state. Again, this is a very active|but clearly
distinct] eld  of researt.

We actually needa little more than a unique folded state for proteins. Most
proteins have a few rather similar structures which are stable, and the energy

290f course there are interesting exceptions to this rule.
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di erences betweenthesestructures are seweral (up to  10) kg T, which means
that the molecule can be pushedfrom one state to another by interesting per-

turbations, sud as the binding of a small molecule. For channels, there is a

more remarkable fact, namely that (for most channels) out of seweral accessible
states, only one is “open' and conducting. The other states are closedor (and

this is di erent!) inactivated. If we think about arranging the di erent states
in a kinetic scheme, we might write

Ci$ C%$ O (116)

which correspnds to two closedstates and one open state, with the constraint
that the molecule must passthrough the secondclosedstate in order to open.
If the open state also equilibrates with an “inactive' state | that is connectedto
Cy,

C1$ C2$ O$|$C1; (117)

then depending on the rate constarts for the di erent transitions the channelcan
be forced to passthrough the inactive state and then through all of the closed
statesbeforeopening again. This is interesting becausethe physical processe®f
“closing'and “inactivating' are often di erent, and this meansthat the transition

rates can di er by orders of magnitude: there are channelsthat can ic ker open
and closedin a millisecond, but require minutes to recover from inactivation.

If we imagine that channelsopen in responseto certain inputs to the cell, this

processof inactivation endaws the cell with a memory of how many of these
inputs have occurred over the past minute|the states of individual molecules
are keepingcount, and the cell canread this count becausethe molecular states
in uence the dynamics of current o w acrossthe membrane.

Individual amino acids have dipole moments, and this meansthat when the
protein makesa slight changein structure (say C, ! O) there will be a change
in the dipole moment of the protein unlessthere is an incredible coincidence.
But this hasthe important consequencehat the energydi erences among the
di erent statesof the channel will be modulated by the electric eld and hence
by the voltage acrossthe cell membrane. If the di erence in dipole moment
were equivalent to moving one elemenary charge acrossthe membrane, then we
could shift the equilibrium betweenthe two states by changing the voltage over

ks T=a, = 25mV, while if there are order ten chargestransferred the channel
will switch from one state to another over just a few mV. While molecular
rearrangemeits within the channel protein do not correspnd to chargetransfer
acrossthe whole thicknessof the membrane, the order of magnitude changein
dipole momert is in this range.

It is important to understand that one can measurethe current o wing
through single channelsin a small patch of membrane, and henceone can ob-
sene the statistics of opening and closingtransitions in a single molecule. From
such experiments one can build up kinetic models like that in Eq. (, and
these provide an essetially exact description of the dynamics at the single
moleculelevel. The arrows in sud kinetic schemesare to be interpreted not as
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macroscopicchemical reaction rates but rather as probabilities per unit time for
transitions amongthe states, and from long records of single channel dynamics
one can extract these probabilities and their voltage dependences.Again, this
is not easy in part becauseone can distinguish only the open state|di eren t
closedor inactivated states all have zero conductance and henceare indistin-
guishable when measuring current|so that multiple closed states have to be
inferred from the distribution of times between openings of the channel. This
is a very pretty subject, driven by the ability to do extremely quantitativ e ex-
perimens; it is even possibleto detect the shot noiseasions o w through the
open channel, as well as a small amount of excessnoise due to the “breathing'
of the channel molecule while it is in the open state. The rst single channel
experiments were by Neher and Sakmann[pg], and a modern summary of what
we have learned is given in textb ooks [@, 104).

Problem 12: Closed time distributions. For a channel with just two states, show
that the distribution of times betweenone closing of the channel and the next opening
is exponertial in form. How is this distribution changed if there are two closedstates?
Can you distinguish a second closed state (\b efore" opening) from an inactiv e state
(\after" opening)?

We would like to passfrom a description of single channelsto a description
of a macroscopicpiece of membrane, perhaps even the whole cell. If we can
assumethat the membrane is homogeneousand isopotential then there is one
voltage V acrossthe whole membrane, and ead channel hasthe samestochastic
dynamics. If the region we are talking about has enoughchannels,we can write
approximately deterministic equationsfor the number of channelsin eadt state.
These equations have coe cien ts (the transition probabilities) that are voltage
dependert, and of coursethe voltage acrossthe membranehasa dynamicsdriven
by the currents that passthrough the open channels. Let's illustrate this with
the simplest case.

Considera neuron that has onetype of ion channel that is sensitive to volt-
age,and a ‘leak’' conductance(some channelsthat we haven't studied in detail,
and which don't seemto open and closein the interesting range of voltages).
Let the channel have just two states, open and closed, and a conductanceg
when it is open. Assumethat the number of open channelsn(t) relaxesto its
equilibrium value neq(V) with a time constart (V). In addition assumethat
the gated channelis (perfectly) selective for ionsthat have a chemical potential
di erence of Vion acrossthe membrane, while the leak conductance Gieax pulls
the membrane potential badk to its resting level Viest. Finally, assumethat the
cell has a capacitanceC, and allow for the possibility of injecting a current | ¢y
acrossthe membrane. Then the equations of motion for the coupled dynamics
of channelsand voltage are

CdV

at = gn(V  Vion) Gleak(V  Vrest) * lext; (118)
dn 1 _
- M NeMVE (119)
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These equations already have a lot in them:

If we linearize around a steady state we nd that the e ect of the channels
can be thought of as adding some new elemers to the e ectiv e circuit
describing the membrane. In particular these elemens can include an
(e ectiv e) inductance and a negative resistance.

Inductances of course make for resonanceswhich actually can be tuned
by cells to build arrays of channel{based electrical Iters [. If the
negative resistanceis large enough, howewer, the lter goesunstable and
one gets oscillations.

One can also arrange the activation curve neq(V) relative to Vign so that
the systemis bistable, and the switch from one state to the other can be
triggered by a pulse of current. In an extended structure lik e the axon of
a neuron this switching would propagate asa front at some xed velocity.

In realistic models there is more than one kind of channel, and the non-
linear dynamics which selectsa propagating front instead selectsa prop-
agating pulse, which is the action potential or spike generated by that
neuron.

It is worth recalling the history of theseideas, at least briey . In a series
of papers, Hodgkin and Huxley fLo3 [0, wrote down equations sim-
ilar to EqQ's. (, as a phenomenologicaldescription of ionic current ow
acrossthe cell membrane. They studied the squid giant axon, which is a single
nerve cell that is a small gift from nature, so large that one can insert a wire
along its length! This axon, like that in all neurons, exhibits propagating ac-
tion potentials, and the task which Hodgkin and Huxley set themselheswas to
understand the mecdanism of these spikes. It is important to remenber that
action potentials provide the only medanism for long distance communication
among speci ¢ neurons, and so the question of how action potentials arise is
really the question of how information gets from one place to another in the
brain. The rst step taken by Hodgkin and Huxley wasto separate spaceand
time: suspecting that current ow along the length of the axon involved only
passiwe conduction through the uid, they “shorted' this processby inserting a
wire and thus forcing the ertire axon to becomeisopotential. By measuringthe
dynamics of current ow betweenthe wire and an electrode placed outside of
the cell they were then measuringthe averageproperties of current o w across
a patch of membrane.

It was already known that the conductance of the cell membrane changes
during an action potential, and Hodgkin and Huxley studied this systematically
by holding the voltage acrossthe membrane at one value and then stepping to
another. With dynamics of the form in Eq. (), the fraction of open channels
will relax exponertially ... and after somee ort one should be able to pull
out the equilibrium fraction of open channelsand the relaxation rates, eat as
functions of of voltage; again it is important to have the physical picture that
the channelsin the membrane are changing state in response to voltage (or,
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more naturally, electric eld) and hencethe dynamics are simple if the voltage
is (piecewise)constart.

There are two glitchesin this simple picture. First, the relaxation of conduc-
tance or currert is not exponertial. Hodgkin and Huxley interpreted this (again,
phenomenologically!) by saying that the equationsfor elemenary “gates'were
asin Eq. () but that conductanceof ions trough a pore might require that
seweral independert gatesare open. Soinstead of writing

dv
c at = ogn(V  Vion) Gireak(V  Viest) + lext; (120)

they wrote, for example,

CC(Ij—\t/ = gn4(V Vion) Gleak (V' Vrest) + lext; (121)
which is saying that four gatesneedto openin order for the channelto conduct
(their model for the potassium channel). To model the inactivation of sodium
channels they used equations in which the number of open channels was pro-
portional to m3h, wherem and h ead obey equations like Eq. (, but the
voltage dependencesmeq(V) and heq(V) have opposite behaviors|th us a step
changein voltage canleadto an increasein conductanceasm relaxestoward its
increasedequilibrium value, then a decreaseash starts to relax to its decreased
equilibrium value. In modern languagewe would say that the channel molecule
has more than two states, but the phenomenologicalpicture of multiple gates
works quite well; it is interesting that Hodgkin and Huxley themselhes were
careful not to taketoo seriouslyany particular molecular interpretation of their
equations. The secondproblem in the analysisis that there are se\eral typesof
channels, although this is easierin the squid axon because'seeral' turns out to
be just two|one selective for sadium ions and one selective for potassiumions.

The great triumph of Hodgkin and Huxley was to show that, having de-
scribed the dynamics of current ow acrossa single patch of membrane, they
could predict the existence,structure, and speed of propagating action poten-
tials. This was a milestone, not least becauseit represens one of the few cases
where a fundamertal advancein our understanding of biological systemswas
marked by a successfulquantitativ e prediction. Let me remind you that, in
1952, the idea that nonlinear partial dierential equations like the HH equa-
tions would generatepropagating stereotyped pulseswas by no meansobvious;
the numerical methods usedby Hodgkin and Huxley were not sodi erent from
what we might usetoday, while rigorous proofs came only much later.

Of coursel haveinverted the historical order in this presenation, describing
the properties of ion channels (albeit crudely) and then arguing that thesecan
be put together to construct the macroscopicdynamics of ionic currents. In fact
the path from Hodgkin and Huxley to the rst obsenation of single channels
took nearly twerty v eyears. There wereseweral important steps. First, the HH
model makesde nite predictions about the magnitude of ionic currents o wing
during an action potential, and in particular the relativ e corntributions of sodium
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and potassium; these predictions were con rmed by measuringthe ux of ra-
dioactive ionsﬁ Second,as mertioned already, the transitions amongdi erent
channels states are voltage dependert only becausethesedi erent states have
di erent dipole momerts. This meansthat changesin channel state should be
accompaniedby capacitive currerts, called “gating currents,’ which persist even
if conduction of ions through the channel is blocked, and this is obsened. The
next crucial stepis that if we have a patch of membrane with a nite number of
channels, then it should be possibleto obsene uctuations in current ow due
to the uctuations in the number of open channels|the opening and closing
of eat channel is an independert, thermally activated process. Kinetic mod-
els make unambiguous predictions about the spectrum of this noise,and again
these predictions were con rmed both qualitativ ely and quartitativ ely; noise
measuremets also led to the rst experimental estimates of the conductance
through a single open channel. Finally, observing the currents through single
channelsrequired yet better ampli ers and improved contact betweenthe elec-
trode and the membrane to insure that the channel currents are not swamped
by Johnsonnoisein stray conductancepaths.

Problem 13: Indep endent opening and closing. The remark that channelsopen
and close independertly is a bit glib. We know that dierent states have dierent
dipole moments, and you might expect that these dipoleswould interact. Consider an
area A of membrane with N channels that eath have two states. Let the two states
dier by an e ectiv e displacemert of charge ggate acrossthe membrane, and this charge
interacts with the voltage V acrossthe membrane in the usual way. In addition, there
is an energy assaiated with the voltage itself, sincethe membrane has a capacitance.
If we represent the two states of eac channel by an Ising spin ,, cornvince yourself
that the energy of the system can be written as

1 ... 1%
E = ECV + > ( + Qgate V) n: (122)

n=1
Set up the equilibrium statistical mecdanics of this system, and average over the
voltage uctuations. Show that the resulting model is a mean eld interaction among
the channels, and state the condition that this interaction be weak, sothat the channels
will gate independertly. Recall that both the capacitance and the number of channels
are proportional to the area. Is this condition met in real neurons? In what way does
this condition limit the “design’ of a cell? Speci cally , remember that increasing Qgate
makesthe channelsmore sensitive to voltage changes,sincethey make their transitions
over a voltage range V  Kg T=0yae ; if you want to narrow this range, what do you
have to trade in order to make sure that the channels gate independertly? And why,

by the way, is it desirable to have independernt gating?

So,in terms of Hodgkin{Huxley style modelswe would describe a neuron by

301t alsoturns out that the dieren t typesof channels can be blocked, more or lessindep en-
dently, by various molecules. Some of the most potent channel blo ckers are neuroto xins, such
as tetro dotoxin from puer sh, which is a sodium channel blocker. These dieren t toxins
allow a pharmacologic al “dissection' of the molecular contribution sto ionic current o w.
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equations of the form

dv o
CE = Gim,'h,"(V Vi) Greak(V  Viest) + lext; (123)
i
dm; 1 i
M= T mhon (124)
act
dh; 1 .
T = T bV (125)

inact

wherei indexesa classof channelsspeci ¢ for ions with an equilibrium potential
V; and we have separatekinetics for activation and inactivation. Of coursethere
have beenmany studies of such systemsof equations. What is crucial is that by
doing, for example, careful single channel experiments on patches of membrane
from the cell we want to study, we measureessetially every parameter of these
equations exceptfor the total number of ead kind of channel. This is a level of
detail that is not available in any other biological systemas far as| know.

If we agreethat the activation and inactivation variables run from zeroto
unity, represeting probabilities, then the number of channelsis in the param-
eters G; which are the conductanceswe would obsene if all channels of class
i were to open. With good single channel measuremets, these are the only
parameterswe don't know.

For many yearsit was a standard exerciseto identify the types of chan-
nelsin a cell, then try to usethese Hodgkin{Huxley style dynamicsto explain
what happens when you inject currents etc.. It probably is fair to say that
this program was successfulbeyond the wildest dreams of Hodgkin and Hux-
ley themseles|m yriad di erent typesof channel from many di erent typesof
neuron have been described e ectiv ely by the samegeneral sorts of equations.
On the other hand (although nobody ewver said this) you have to hunt around
to nd the right Gjs to make everything work in any reasonably complex cell.
It wasLarry Abbott, a physicist, who realized that if this is a problem for his
graduate student then it must also be a problem for the cell (which doesn't
have graduate studerts to whom the task can be assigned). So, Abbott and his
colleaguesrealized that there must be regulatory mecanismsthat cortrol the
channel numbers in ways that stabilized desirable functions of the cell in the
whole neural circuit [. This has stimulated a beautiful seriesof experiments
by Turrigiano and collaborators, rst in \simple" invertebrate neurons [@
and then in cortical neurons[fL0d, shawving that indeed thesedi erent cellscan
change the number of ead dierent kind of channel in responseto changesin
the environment, stabilizing particular patterns of activity or response. Mecha-
nisms are not yet clear. | believe that this is an early example of the robustness
problem [[LOS that was emphasizedby Barkai and Leibler for biochemical
networks [[L1]]; they took adaptation in bacterial chemotaxis asan example (cf.
the lectures here by Duke) but the question clearly is more general. For more
on these models of self{organization of channel densities see[fL13, fL14.

The problem posedby Abbott and cowvorkers was, to someapproximation,
about homeostasis: how does a cell hold on to its function in the network,
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keeping ewerything stable. In the models, the \correct” function is de ned
implicitly . The fact that we have seenadaptation processeswhich sene to
optimize information transmission or coding e ciency makesit natural to askif
we can make modelsfor the dynamics which might carry out theseoptimization
tasks. Thereis relatively little work in this area[, and | think that any e ort
along theselines will have to cometo grips with sometough problems about
how cells\know" they are doing the right thing (by any measure,information
theoretic or not).

Doing the right thing, aswe have emphasizedrepeatedly, involvesboth the
right deterministic transformations and proper cortrol of noise. We know a grat
deal about noisein ion channels,asdiscussedabove, but | think the convertional
view has beenthat most neurons have lots of channels and so this source of
noise isn't really crucial for neural function. In recent work Schneidman and
collaborators have shown that this dismissal of channel noise may have beena
bit too quick : neuronsoperate in a regime where the number of channels
that participate in the \decision" to generatean action potential is vastly smaller
than the total number of channels, so that uctuation e ects are much more
important that expected naively. In particular, realistic amounts of channel
noisemay seneto jitter the timing of spikeson time scaleswhich are comparable
to the degreeof reproducibilit y obsenedin the represetation of sensorysignals
(as discussedin Section4). In this way the problems of molecular level noise
and the optimization of information transmission may be intertwined [.

It should be emphasizedthat the molecular componerts we have been dis-
cussingare strikingly universal. Thus we can recognizehomologouspotassium
channels in primate cortex (the stu we think with) and in the nerves of an
earthworm. There are vast numbers of channelscoded in the genome,and these
can be organizedinto families of proteins that probably have common ances-
tors [E]. With suc a complete molecular description of electrical signalling
in single cells, one would imagine that we could answer a deceptiwely simple
guestion: what do individual neuronscompute? In neural network models, for
example, neurons are cartooned as summing their inputs and taking a thresh-
old. We could make this picture a bit more dynamical by using an “integrate
and re' model in which input currents are ltered by the RC time constart of
the cell membrane and all the e ects of channelsare summarizedby saying that
when the resulting voltage reachesthreshold there is a spike and a resetting to
a lower voltage. We would like to start with a more realistic model and shov
how one can identify systematically some computational functions, but really
we don't know how to do this. One attempt is discussedin Refs. [fl17 11§,
where we usethe ideasof dimensionsality reduction [5G, B9, 73] to passfrom the
Hogdkin{Huxley model to a description of the neuron as projecting dynamic
input currents onto a low dimensional spaceand then performing somenonlin-
ear operations to determine the probablity of generating a spike. If a simple
summation and threshold picture (or a generalized’ Iter and re' model) were
correct, this approach would nd it, but it seemsthat even with two types of
channels neurons can do something richer than this. Obviously this is just a
start, and understanding will require us to facethe deeper question of how we
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can indentify the computational function of a generaldynamical system.

In this discussionl have focusedon the dynamics of ion channelswithin one
neuron. To build a brain we needto make connectionsor synapsedetweencells,
and of coursethesehave their own dynamics and molecular mecanisms. There
are also problems of noise, not least becausesynapsesare very small structures,
so that crucial biochemical everts are happening in cubic micron volumes or
less. The emergenceof optical techniquesthat allow us to look into thesesmall
volumes,deepin the living brain, will quite literally bring into focusa number of
guestionsabout noisein biochemical networks that are of interest both because
they relate to how we learn and remenber things and becausehey are examples
of problemsthat all cells must face asthey carry out essetial functions.

7 Speculativ e though ts about the hard problems

It is perhapsnot so surprising that thinking like a physicist helps us to under-
stand how rod cells court single photons, or helpsto elucidate the molecular
everts that underlie the electrical activity of single cells. A little more surpris-
ing, perhaps, is that physical principles are still relevant when we go deeper
into a y's brain and ask about how that brain extracts interesting features
such as motion from a complex array of data in the retina, or how these dy-
namic signals are encaled in streams of action potentials. As we cometo the
problems in learning, we have built an interesting theoretical structure with
clear roots in statistical physics, but we don't yet know how to connect these
ideaswith experiment. Behind this uncertainty is a deeper and more disturbing
guestion: maybe as we progressfrom sensoryinputs toward the personal expe-
riences of that world created by our brains we will encourter a real boundary
where physics stops and biology or psycology begins. My hope, as you might
guess,is that this is not the case,and that we evertually will understand per-
ception, cognition and learning from the sameprincipled mathematical point of
view that we now understand the inanimate parts of the physical world. This
optimism was shared, of course,by Helmholtz and others more than a certury
ago. In this last lecture | want to collect someof my reasonsfor keeping faith
despite obvious problems.

In Shannon's original work on information theory, he separatedthe prob-
lem of transmitting information from the problem of ascribing meaningto this
information [63:

Frequertly the messagedave meaning; that is they refer to or are
correlated according to some system with certain physical or con-
ceptual ertities. Thesesemartic aspects of communication are irrel-
evant to the engineeringproblem.

This quote is from the secondparagraph of a very long paper; italics appeared
in the original. Arguably this is the major stumbling block in the useof informa-
tion theory or any other \ph ysical" approac to analyze cognitive phenomena:
our brains presumably are interested only in information that has meaning or
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relevance,and if we arein a framework that excludessud notions then we can't
even get started.

Information theory is a statistical approad, and there is a widespreadbelief
that there must be\more than just statistics" to our understanding of the world.
The clearestformulation of this claim wasby Chomsky [, in a rather direct
critique of Shannonand his statistical approad to the description of English.
Shannon had used N order Markov approximations to the distribution of
letters or words, and other people used this N {gram method in a variety of
ways, including the amusing \creativ e writing" exercisesof Pierce and others.
Chomsky claims that all of this is hopeless,for sewral reasons:

1. The signi cance of words or phrasesis unrelated to their frequency of
occurrence.

2. Utterancescanbearbitrarily long, with arbitrarily longrangedependences
among words, sothat no nite N™ order approximation is adequate.

3. A rank ordering of sertencesby their probability in such modelswill have
grammatical and ungrammatical utterances mixed, with little if any ten-
dency for the grammatical sertencesto be more probable.

There are se\ral issueshereﬂ and while I am far from being an expert on
languagel think if wetry to dissecttheseissueswe'll get a feelingfor the general
problems of thinking about the brain more broadly in information theoretic
terms.

First we have the distinction between the true probability distribution of
sertences (for example) and any nite N™ order approximation. There are
plenty of casesn physicswhere analogousapproximations fail, sothis shouldn't
bother us, nor is it a special feature of language. Nonethelessijt is important to
ask how we can go beyond theselimited models. There is a theoretical question
of how to characterize statistics beyond N {grams, and there is an experimental
issueof how to measuretheselong range dependenciedn real languagesor, more
subtly, in people'sknowledge of languages.| think that we know a big part of
the answer to the rst question, asexplained above: The crucial measureof long
range correlation is a divergencein the predictive information | preq (N), that is
the information that a sequenceof N characters or words provides about the
remainder of the text. We can distinguish logarithmic divergence which means
roughly that the sequenceof words allows us to learn a model with a nite
number of parameters(the coe cien t of the log then courts the dimensionality
of the parameter space),from a power law divergence,which is what happens
when longer and longer sequencesallow us to learn a more and more detailed

31some time after writing an early draft of these ideas | learned that Abney [ had
expressedsimilar though ts about the nature of the Chomsky/Shannon debate; he is concerned
primarily with the rst of the issuesbelow. | enjoyed especially his intro duction to the problem:
\In one's intro ductory linguistics course, one learns that Chomsky disabused the eld once
and for all of the notion that there was anything of interest to statistical models of language.
But one usually comesaway a little fuzzy on the question of what, precisely, he proved."
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description of the underlying model. There are hints that languageis in the
more complex power law class.

A secondquestion concernsthe learnability of the relevant distributions. It
might be that the true distribution of words and phrasescontains ewverything
we want to know about the language,but that we cannot learn this distribution
from examples. Here it is important that \we" could be a child learning a
language,or a group of scientists trying to analyze a body of data on language
asit is used. Although learnability is a crucial issue,| think that there is some
confusionin the literature. Thus, even in very recent work, we nd commerts
that confusethe frequency of occurrence of examplesthat we have seenwith
the estimate that an obsener might make of the underlying distribution. E The
easiestway to seethis is to think about distributions of cortin uous variables,
where obviously we have to interpolate or smooth sothat our best estimate of
the probability is not zeroat unsampledpoints nor is it singular at the sampled
points. There are many ways of doing this, and | think that dewvelopmerts of
the ideasin Ref. are leading us toward a view of this problem which at
least seemsprincipled and natural from a physicist's point of view [
[27. On the other hand, the question of how onedoessuc smoothing
or regularization in the caseof discrete distributions (as for words and phrases)
is much lessclear (see,for example, [[L2§).

Even if we can accesghe full probability distribution of utterances (leaving
asidethe issueof learning this distribution from examples),there is a question of
whether this distribution capturesthe full structure of the language. At onelevel
this is trivial: if we really have the full distribution we can generate samples,
and there will be no statistical test that will distinguish thesesamplesfrom real
texts. Note again that probability distributions are \generative" in the sense
that Chomsky described grammar, and hencethat no reasonabledescription
of the probability distribution is limited to generating sequenceswvhich were
obsened in someprevious nite sampling or learning period. Thus, if we had an
accurate model of the probabilit y distribution for texts, we could passsomesort
of Turing test. The harder question is whether this description of the language
would contain any notions of syntax or semarics. Ultimately we want to ask
about meaning: is it possiblefor a probabilistic model to encale the meanings
of words and sertences, or must these be supplied from the outside? Again
the same question arisesin other domains: in what sensedoes knowing the
distribution of all possiblenatural movies correspnd to \understanding” what

32|n particular, a widely discussed paper by Marcus et al. [] makesthe clear statement
that all unseencombinations of words must be assignedprobabilit y zeroin a statistical learning
scheme, and this simply is wrong. The commentary on this paper by Pinker |E| has some
related confusions about what happens when one learns a distribution from examples. He
notes that we can be told \that a whale is not a sh ... overriding our statistical experience
In the same way that reasonable learning algorithms have to deal with unobserved
combinations, they also haveto deal with outliers in distributions; the existence of outliers, or
the evident di cult vy in dealing with them, has nothing to do with the question of whether our
categories of sh and mammals are built using a probabilistic approach. The speci c example
of whales may be a red herring: doesbeing told that a whale is not a sh mean that \all the
sh in the sea" cannot refer to whales?
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we are seeing?

Recernly, Tishby, Pereira and | have worked on the problem of de ning
and extracting relevantinformation, trying to Il the gap left by Shannon[@].
Briey, the idea is that we obsene somesignal x 2 X but are interested in
another signaly 2 Y. Typically a full description of x requires many more bits
than are relevant to the determination of y, and we would like to separatethe
relevant bits from the irrelevant ones. Formally we can do this by asking for a
compressionof x into somenew spaceX sud that we keepasmuch information
as possibleabout Y while throwing away as much as possibleabout X . That
is, we want to nd a mapping x ! x that maximizesthe information about Y
while holding the information about X xed at somesmall value. This problem
turns out to be equivalent to a set of self{consistert equationsfor the mapping
x I %, andisvery much likea problem of clustering. It isimportant that, unlike
most clustering procedures,there is no needto specify a notion of similarity or
distance among points in the X or Y spaces|all notions of similarity emerge
directly from the joint statistics of X and Y.

To seea little of how this works, let's start with a somewhatfanciful ques-
tion: What is the information cortent of the morning newspager? Sinceenropy
provides the only measureof information that is consistert with certain simple
and plausible constraints (as emphasizedabove), it is tempting to suggestthat
the information content of a news article is related to the ertropy of the dis-
tribution from which newspager texts are drawn. This is troublesome|more
random texts have higher entropy and hencewould be more informativ e|and
alsoincorrect. Unlik e ertropy, information always is alout something. We can
ask how much an article tells us about, for example, current events in France,
or about the political bias of the editors, and in a foreign courtry we might even
usethe newspaper to measureour own comprehensionof the language. In eat
case, our question of interest has a distribution of possible answers, and (on
average)this distribution shifts to one with a lower entropy once we read the
news;this decreasen ertropy is the information that we gain by reading. This
relevant information typically is much smaller than the erntropy of the original
signal: information about the identity of a personis much smaller than the
ertropy of imagesthat include faces,information about words is much smaller
than the entropy of the correspnding speed sounds,and so on. Our intuitiv e
notion of “understanding' these high ertropy input signals corresponds to iso-
lating the relevant information in somereasonablycompact form: summarizing
the newsarticle, replacing the image with a name, enumerating the words that
have been spoken.

When we sit down to read, we have in mind somequestion(s) that we expect
to have answered by the newspaper text. We can erumerate all of the possible
answersto these questions,and label the answersby y 2 Y : this is the relevant
variable, the information of valueto us. On the other hand, we can alsoimagine
the ensenble of all possible newspager texts, and label ead possibletext by
X 2 X: thesearethe raw data that we haveto work with. Again, there are many
more bits in the text x than are relevant to the answersy, and understanding
the text meansthat we must separatetheserelevant bits from the majority of
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irrelevant bits. In practice this meansthat we can ‘'summarize' the text, and
in the sameway that we enumerate all possibletexts we can also enumerate all
possible summaries,and labelling them by x 2 X. If we can generategood or
e cien t summariesthen we can construct a mapping of the raw data x into the
summariesx sud that we discard most of the information about the text but
presene as much information as possibleabout the relevant variable y.

The statemert that we want our summariesto be compactor e cien t means
that we want to discard as much information as possibleabout the original sig-
nal. Thus, wewant to “squeezebr minimize the information that the summary
provides about the raw data, | (x;x). On the other hand, if the summary is
going to capture our understanding, then it must presene information about
y, sowe want to maximize | (x;y). More precisely there is going to be some
tradeo betweenthe level of detail [l (>¢; x)] that we are willing to tolerate and
the amount of relevant information [l x;y)] that we can presere. The optimal
procedure would be to nd rules for generating summaries which provide the
maximum amount of relevant information given their level of detail. The way
to do this is to maximize the weighted di erence betweenthe two information
measures,

F=10cy) TI0x); (126)

where T is a dimensionlessparameter that measuresthe amount of extra detail
we are willing to acceptfor a given increasein relevant information. We will
refer to this parameter asthe temperature, for reasonsthat becomeclear below.
So,to nd optimal summarieswe want to seard all possiblerules for mapping
x I o untl we nd a maximum of F , or equivalently a minimum of the
“free energy' F. Note that the structure of the optimal procedure generating
summaries will ewlve as we change the temperature T; there is no “correct'
value of the temperature, sincedi erent valuescorrespnd to di erent ways of
striking a balance between detail and e ectiv enessin the summaries.

There are seweral di erent interpretations of the principle that we should
minimize F. One view is that we are optimizing the weighted di erence of the
two informations, counting oneasa benet and oneasa cost. Alternativ ely, we
can seeminimizing F asmaximizing the relevant information while holding xed
the level of detail in the summary, and in this casewe interpret T asa Lagrange
multiplier that implements the constraint holding I (; x) xed. Similarly,wecan
divide through by T and interpret our problem asone of squeezinghe summary
as much as possible|minimizing | (x;x)|while holding xed the amount of
relevant information that the summariescorvey; in this casel=T serwesasthe
Lagrange multiplier.

It turns out that the problem of minimizing the free energyF can solved, at
least formally. To begin we needto say what we mean by searding all possible
rules for mapping x ! x. We considerhere only the casewhere the summaries
forma discrete set, and for simplicity we (usually) assumethat the data x and
the relevant variable y also are drawn from discrete sets of possibilities. The
general mapping from x to x is probabilistic, and the set of mapping rules is
given completely if we specify the set of probabilities P (xjx) that any raw data
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point x will be assignedto the summary x. These probabilities of coursemust
be normalized, so we must enforce

P(xx) =1 (227)
x2 X

for eath x 2 X . We can do this by introducing a Lagrange multiplier ( x) for
ead x and then solving the constrained optimization problem
2 3
X X
min 4F (x)  PE§x)9; (128)

P (xjx) X2X %
X,

and at the end we have choosethe valuesof ( X) to satisfy the normalization
condition in Eq. (L27).

As shown in Ref. [@] the Euler{Lagrange equations for this variational
problem are equivalent to a set of self{consistert equationsfor the probability
distribution P (xjx):

= P 1X i POX)
P(¢x) = ZocT) exp TyZYP(ny)In P (i) (129)
Pyix) = P (yix)P (xjx)
X2 X
1 X . .
= P® P (yix)P (xx)P (x): (130)
X2 X

Up to this point, the set of summaries X is completely abstract. If we
choosea xed number of possible summariesthen the ewlution with temper-
ature is corntinuous, and as we lower the temperature the summaries become
progressiely more detailed [l (>; x) is increasing]and more informativ e [l (¢; y)
is increasing]; the local coe cien t that relates the extra relevant information
per incremert of detail is the temperature itself.

If X is discrete,then the detail in the summary can never exceedthe erntropy
S(X), and of coursethe relevant information provided by the summariescan
never exceedthe relevant information in the original signal. This meansthat
there is a natural set of normalized coordinates in the information plane | (x;y)
vs. |1 (x;x), and di erent signals are characterized by di erent trajectories in
these normalized coordinates. If signalsare “understandable'in the colloquial
sensejt must bethat most of the available relevant information canbe captured
by summariesthat are very compact, sothat | (>; y)=I(X;y) is near unity even
when | (x; x)=S(X) is very small. At the opposite extreme are signalsthat have
beenencrypted (or texts which are so corvoluted) sothat no small pieceof the
original data corntains any signi cant fraction of the relevant information.

Throughout most of the information plane the optimal solution has a prob-
abilistic structure|the assignmen rules P (xjx) are not deterministic. This
means that our problem of providing informativ e but compact summariesis
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very di erent from the usual problemsin classi cation or recognition, where if
we ask for assignmen rules that minimize errors we will always nd that the
optimal solution is deterministic (recall Problem 2). Thus the information theo-
retic approach encompassesutomatically a measureof con dence in which the
optimal strategy involves(generically) a bit of true random guessingwhen faced
with uncertainty. Returning to our example of the newspager, this has an im-
portant consequencelf askedto provide a summary of the front pagenews,the
optimal summarieshave probabilistic assignmets to the text|if asked seweral
times, even an “optimal reader' will have a nite probability of giving di erent
answers eat time sheis asked. The fact that assignmen rules are probabilistic
meansalso that these rules can be perturbed quartitativ ely by nite amounts
of additional data, sothat small amounts of additional information about, for
example, the a priori likelihood of di erent interesting events in the world can
in uence the optimal rules for summarizing the text. It is attractiv e that a
purely objective procedure, which provides an optimal extraction of relevant
information, generatesthese elemens of randomnessand subjectivit y.

Extracting relevant information hasbenecalledthe \information bottleneck”
becausewe squeezethe signal X through a narrow channel X while trying to
presene information about Y. This approac has beenused, at least in pre-
liminary form, in sewral casesof possibleinterest for the analysis of language.
First, we can take X to be oneword and Y to be the next word. If we insist
that there be very few categoriesfor X'|w e squeezethrough a very narrow
bottleneck|then to a good approximation the mapping from X into X consti-
tutes a clustering of words into sensiblesyntactic categories(parts of speed,
with a clear separation of proper nouns). It is interesting that in the cognitive
scienceliterature there is also a discussionof how one might acquire syntactic
categoriesfrom sud \distributional information" (see,for example, [), al-
though this discussionseemsto use somewhatarbitrary metrics on the spaceof
conditional distributions.

If we allow for X to capture more bits about X in the next word problem,
then we start to seethe generalpart of speed clusters break into groups that
have some semartic relatedness,as noted also by Redington et al. [[L29. A
more direct demonstration was given by Pereira, Tishby and Lee [L3(, who
took X and Y to be the noun and verb of eah sertencef?] Now one has the
clear impressionthat the clusters of words (either nouns or verbs) have simi-
lar meanings, although this certainly is only a subjective remark at this point.
Notice, howewer, that in this formulation the absolute frequency of occurrence
of individual words or even word pairs is not essetial (connecting to Chom-
sky's point #1 above); instead the clustering of words with apparertly similar
meaningsarisesfrom the total structure of the set of conditional distributions

33This was done before the development of the bottleneck ideas so we need to be a bit
careful. Tishby et al. proposed clustering X according the conditional distributio ns P (yjx)
and suggested the use of the Kullbac k{Leib ler divergence (Dk,. ) as a natural measure of
distance. In the bottlenec k approach there is no need to postulate a distance measure, but
what emerges from the analysis is esserially the soft clustering based on Dy, as suggested
by Tishby et al..
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P(yix).

Yet another possibleapproad to \meaning" involvestaking X asthe identit y
of a documert Y asa word in the documert. Slonim and Tishby [ did this
for documerts posted to twenty di erent news groups on the web, of course
hiding any information that directly identi es the newsgroup in the documert.
The result is that choosing roughly twenty di erent valuesfor X captures most
of the mutual information between X and Y, and thesetwenty clusters have
a very strong overlap with the actual newsgroups. This procedure|whic h is
“unsupervised' since the clustering algorithm doesnot have accessto labels on
the documerts|yields a categorization that is competitiv e with state of the art
methods for supervised learning of the newsgroupidentities. While one may
object that some of these tasks are too easy these results at least go in the
direction of suggestingthat analysis of word statistics alone can identify the
\topic" of a documert asit was assignedby the author.

| think that somereasonablyconcrete questionsemergefrom all of this:

How clear is the evidencethat language|or other (colloquially) complex
natural signals|fall into the power-law classde ned through the analysis
of predictive information?

On a purely theoretical matter, can we regularize the problem of learning
distributions over discrete variablesin a (principled) way which puts suc
learning problemsin the power{law class?

Can we usethe information bottleneck ideasto nd the features of words
and phrasesthat e cien tly represem the large amounts of predictive in-
formation that we nd in texts?

Can we test, in psydolinguistic experimerts, the hypothesis that this
clustering of words and phrasesthrough the bottleneck collects together
items with similar meaning?

If we believethat meaningsarerelated to statistical structure, canwe shift
our perceptionsof meaning by exposureto texts with di erent statistics?

This last experiment would, | think, be quite compelling (or at least provoca-
tive). When we set out to test the idea that neural codes are \designed" to
optimize information transmission, the clear qualitativ e prediction wasthat the
code would have to changein responseto the statistics of sensoryinputs, and
this would have to work in ways beyond the standard forms of adaptation that
had beencharacterized previously. This prediction wascon rmed, and it would
be quite dramatic if we could designa parallel experiment on our perception of
meaning. Surely this is the placeto stop.
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The text and referencelist make clear the enormous debt | owe to my colleagues
and collaborators. | especially want to thank Rob de Ruyter, since it is literally
becauseof his experiments that | had the courageto \think about the brain" in the
sensewhich | tried to capture in these lectures. The adventure which Rob and | have
had in thinking about y brains in particular has been one we enjoyed sharing with
many great students, postdocs and collaborators over the years: A. Zee, F. Rieke,
D. K. Warland, M. Potters, G. D. Lewen, S. P. Strong, R. Koberle, N. Brenner, E.
Sdchneidman, and A. L. Fairhall (in roughly historical order). While all of this work
blended theory and experiment to the point that there are few paperswhich are “purely’
one or the other, I'v e also beeninterested in some questions which, as noted, have yet
to make contact with data. These ideas also have developed in a very collaborative
way with C. G. Callan, I. Nemenman, F. Pereira, and N. Tishby (alphabetically).
Particularly for the more theoretical topics, discussionswith my current collaborators
J. Miller and S. Still have beencrucial. | am grateful to the students at Les Houches
for making the task of lecturing so pleasurable, and to the organizers both for creating
this opportunit y and for being so patient with me as | struggled to complete these
notes. My thanks alsoto S. Still for reading through a (very) late draft and providing
many helpful suggestions.
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